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Abstract 

We show that the integrated Lyapunov exponents of volume preserving 
diffeomorphisms are simultaneously continuous at a given diffeomorphism only 
if the corresponding Oseledets splitting is trivial (all Lyapunov exponents equal 
to zero) or else dominated (uniform hyperbolicity in the projective bundle) 
almost everywhere. 

We deduce a sharp dichotomy for generic volume preserving diffeomorphisms 
on any compact manifold: almost every orbit either is projectively hyperbolic 
or has all Lyapunov exponents equal to zero. 

Similarly, for a residual subset of all symplectic diffeomorphisms on any 
compact manifold, either the diffeomorphism is Anosov or almost every point 
has zero as a Lyapunov exponent, with multiplicity at least 2. 

Finally, given any closed group G C GL(c?) that acts transitively on the 
projective space, for a residual subset of all continuous G- valued cocycles over 
any measure preserving homeomorphism of a compact space, the Oseledets 
splitting is either dominated or trivial. 

1 Introduction 

Lyapunov exponents describe the asymptotic evolution of a linear cocycle over a 
transformation: positive or negative exponents correspond to exponential growth or 
decay of the norm, respectively, whereas vanishing exponents mean lack of exponen- 
tial behavior. 

In this work we address two basic, a priori unrelated problems. One is to under- 
stand how frequently do Lyapunov exponents vanish on typical orbits. The other, 
to analyze the dependence of Lyapunov exponents as functions of the system. We 
are especially interested in dynamical cocycles, i.e. given by the derivatives of con- 
servative diffeomorphisms, but we discuss the general situation as well. 

Several approaches have been proposed for proving existence of non-zero Lya- 
punov exponents. Let us mention Furstenberg |1C], Herman |12], Kotani among 



others. In contrast, we show here that vanishing Lyapunov exponents are actually 
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very frequent: for a residual (dense Gs) subset of all volume-preserving diffeo- 
morphisms, and for almost every orbit, all Lyapunov exponents are equal to zero 
or else the Oseledets splittings is dominated. This extends to generic continuous 
G-valued cocycles over any transformation, for any matrix group G that acts tran- 
sitively on the projective space. 

Domination, or uniform hyperbohcity in the projective bundle, means that each 
Oseledets subspace is more expanded/less contracted than the next, by a definite 
uniform factor. This is a very strong property. In particular, domination implies that 
the angles between the Oseledets subspaces are bounded from zero, and the Oseledets 
splitting extends to a continuous splitting on the closure. For this reason, it can 
often be excluded a priori: 

Example 1. Let / : 5"^ ^ S"^ be a homeomorphism and ji be any invariant ergodic 
measure with supp /i = S"^. Let M be the set of all continuous A : ^ SL(2,M) 
non-homotopic to a constant. For a residual subset of AA, the Lyapunov exponents 
of the corresponding cocycle over (/, /x) are zero. That is because the cocycle has 
no invariant continuous subbundle if A is non-homotopic to a constant. 

These results generalize to arbitrary dimension the work of Bochi [^, where it 
was shown that generic area preserving diffeomorphisms on any compact surface 
either are uniformly hyperbolic (Anosov) or have no hyperbohcity at all: both Lya- 
punov exponents equal to zero almost everywhere. This fact had been announced 
by Mane |l^ in the early eighties. 

The high dimensional setting requires a conceptually different approach. That is 
partly because of the difficulty involved in handling several subbundles, with variable 
dimensions, and partly because one has to deal with projectively hyperbolic, instead 
of uniformly hyperbolic, sets. The properties of projectively hyperbolic sets are much 
weaker (e.g. they need not be robust) and not yet understood. 

Our strategy is to analyze the dependence of Lyapunov exponents on the dynam- 
ics. We obtain the following characterization of the continuity points of Lyapunov 
exponents in the space of volume preserving G^ diffeomorphisms on any compact 
manifold: they must have all exponents equal to zero or else the Oseledets splitting 
must be dominated, over almost every orbit. Similarly for continuous linear cocycles 
over any transformation, and in this setting the necessary condition is known to be 
sufficient. 

The issue of continuous or differentiable dependence of Lyapunov exponents on 
the underlying system is subtle, and not well understood. See Ruelle [^] and also 
Bourgain, Jitomirskaya Q for a discussion and further references. We also mention 
the following simple application of the result we just stated, in the context of quasi- 
periodic Schrodinger cocycles: 

Example 2. Let f : ^ he an irrational rotation, ^ be Lebesgue measure, 
and A:S^^ SL(2,M) be given by 

for some E (HM. and V : S"^ — > R continuous. Then j4 is a point of discontinuity for 
the Lyapunov exponents, among all continuous cocycles over (/, /u), if and only if 
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the exponents are non-zero and E is in the spectrum of the associated Schrodinger 
operator. Compare 0]. This is because E is in the complement of the spectrum 
if and only if the cocycle is uniformly hyperbolic, which for SL(2,M) cocycles is 
equivalent to domination. 

We extend the two-dimensional result of Mahe-Bochi also in a different direction, 
namely to symplectic diffeomorphisms on any compact symplectic manifold. Firstly, 
we prove that continuity points for the Lyapunov exponents either are uniformly 
hyperbolic or have at least 2 Lyapunov exponents equal to zero at almost every 
point. Consequently, generic symplectic diffeomorphisms either are Anosov or 
have vanishing Lyapunov exponents with multiplicity at least 2 at almost every point. 

Topological results in the vein of our present theorems were obtained by Million- 
shchikov ||l8|, in the early eighties, and by Bonatti, Diaz, Pujals, Ures ^, in their 
recent characterization of robust transitivity for diffeomorphisms. A counterpart of 
the latter for symplectic maps had been obtained by Newhouse |Q in the seventies, 
recently extended by Arnaud [j^. 

1.1 Dominated splittings 

Let M be a compact manifold of dimension d > 2. Let / : M ^ M be a diffeo- 
morphism and T C M be an /-invariant set. Suppose for each x € T one is given 
non-zero subspaces E^ and E'^ such that TxM = E^ (B E'^ , the dimensions of E^ 
and E'^ are constant, and the subspaces are Z)/-invariant: Dfx{El.) = E'j^^-^ for all 
X gT and i = 1,2. 

Definition 1.1. Given m G N, we say that Tr M = E^ e E^ is an m- dominated 
splitting if for every x €T we have 

p/ruiii • iiwrbir'ii<^ (1-1) 

We call TrM = E^ (B E'^ a dominated splitting if it is m-dominated for some m G N. 
Then we write E'^ >- E'^. 

Condition (|1.1| ) means that, for typical tangent vectors, their forward iterates 
converge to E^ and their backward iterates converge to E'^, at uniform exponential 
rates. Thus, E^ acts as a global hyperbolic attractor, and E'^ acts as a global 
hyperbolic repeller, for the dynamics induced by Df on the projective bundle. 

More generally, we say that a splitting T^M = E'^ ■ ■ ■ Q E^, into any number 
of sub-bundles, is dominated if 

E^e---eE^ y E^+^ © • • • e for every 1 < j < k. 

We say that a splitting TpM = E^ (B ■ ■ ■ ® E^ , is dominated at x, for some point 
a; G r, if it is dominated when restricted to the orbit {/"(x); n E Z} of x. 

1.2 Dichotomy for volume preserving diffeomorphisms 

Let / G Diff|j(M). By the theorem of Oseledets pH , for ^u-almost every point x G M, 
there exists k{x) £ N, real numbers Ai(/, x) > ••• > ^k(x){fjx)i and a splitting 
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T^M = ^1 © • • • © E^"^ ' of the tangent space at x, all depending measurably on the 
point X, such that 

hm ilog||Z)/;(^;)||=A,(/,x) for all t; G i?^ x {0}. 

Let Xi{f,x) > X2{f,x) > ••• > X(i{f,x) be the numbers Xj{x), in non-increasing 
order and each repeated with multiplicity diuiEi. They are called the Lyapunov 
exponents of / at x. Note that Ai(/, x) + • • • + \d{f,x) = 0, because / preserves 
volume. We say that the Oseledets splitting is trivial at x when k{x) = 1, that is, 
when all Lyapunov exponents vanish. 

Theorem 1. There exists a residual set IZ C Diff^(M) such that, for each f ^ IZ 
and ^-almost every x G M, the Oseledets splitting of f is either trivial or dominated 
at X. 

For f £ TZ the ambient manifold M splits, up to zero measure, into disjoint 
invariant sets Z and D corresponding to trivial splitting and dominated splitting, 
respectively. Moreover, D may be written as an increasing union D = UmeN-Cm 
of compact /-invariant sets, each admitting a dominated splitting of the tangent 
bundle. 

If f £ TZ is ergodic then either fJ,{Z) = 1 or there is m G N such that fi{Dm) = 1. 
The first case means that all the Lyapunov exponents vanish almost everywhere. 
In the second case, the Oseledets splitting extends continuously to a dominated 
splitting of the tangent bundle over the whole ambient manifold M. 

Example 3. Let ft ■ N ^ N , t £ , he a smooth family of volume preserving 
diffeomorphisms on some compact manifold A^, such that ft = id for t in some 
interval I C S^, and ft is partially hyperbolic for t in another interval J C S^. 
Such families may be obtained, for instance, using the construction of partially 
hyperbolic diffeomorphisms isotopic to the identity in . Then / : S^xN ^ S^xN, 
f{t, x) = {t, ft{x)) is a volume preserving diffeomorphism for which D D x J and 
ZD xl. 

Thus, in general we may have < fJ-{Z) < 1. However, we ignore whether such 
examples can be made generic (see also section |l.3| ) : 

Problem 1. Is there a residual subset of Diff^(M) for which invariant sets with a 
dominated splitting have either zero or full measure ? 

Theorem |l| is a consequence of the following result about continuity of Lyapunov 
exponents as functions of the dynamics. For j = I, . . . ,d — 1, define 

LE,(/)= / [Xi{f,x) + --- + Xj{f,x)]dfi{x). 
Jai 

It is well-known that the functions / G Diff^(M) i-^ LEj(/) are upper semi- 
continuous. Our next main theorem shows that lower semi-continuity is much more 
delicate: 
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Theorem 2. Let fo € Diff^(M) be such that the map 

/EDifFi(M)^ (LEi (/),... ,LErf„i(/)) GM'^-i 

is continuous at f = Jq. Then for fj,-almost every x G M , the Oseledets splitting of 
fo is either dominated or trivial at x. 

The set of continuity points of a semi-continuous function on a Baire space is 
always a residual subset of the space (see e.g. |14, §31. X]); therefore theorem |l] is 
an immediate corollary of theorem 

Problem 2. Is the necessary condition in theorem § also sufficient for continuity ? 

Diffeomorphisms with all Lyapunov exponents equal to zero almost everywhere, 
or else whose Oseledets splitting extends to a dominated splitting over the whole 
manifold, are always continuity points. Moreover, the answer is affirmative in the 
context of linear cocycles, as we shall see. 



1.3 Dichotomy for symplectic diffeomorphisms 

Now we turn ourselves to symplectic systems. Let {M'^'^, uj) be a compact symplectic 
manifold without boundary. We denote by fj, the volume measure associated to 
the volume form lo'^ = uj A ■ ■ ■ A uj. The space Sympl^(M) of all symplectic 
diffeomorphisms is a subspace of Diff|j(M). We also fix a Riemannian metric on M, 
the particular choice being irrelevant for all purposes. 

The Lyapunov exponents of symplectic diffeomorphisms have a symmetry prop- 
erty: Xj{f,x) = —X2q-j{f,x) for all 1 < j < q. In particular, Xq{x) > and LEq(/) 
is the integral of the sum of all non-negative exponents. Consider the splitting 

where E^ , E^, and E~ are the sums of all Oseledets spaces associated to positive, 
zero, and negative Lyapunov exponents, respectively. Then dimS+ = dimE~ and 
dimii^^ is even. 

Theorem 3. Let /o G Sympl^(M) be such that the map 

f G Sympli(Af) ^ LE,(/) G R 

is continuous at f = fQ. Then for fi-almost every x G M, either diuiE^ > 2 or the 
splitting T^M = E^ © E~ is hyperbolic along the orbit of x. 

In the second alternative, what we actually prove is that the splitting is dom- 
inated at X. This is enough because, for symplectic diffeomorphisms, dominated 
splittings into two subspaces of the same dimension are uniformly hyperbolic. 

As in the volume preserving case, the function / LEg(/) is continuous on a 
residual subset TZi of Sympl^(M). Also, we show that there is a residual subset 
7^2 C Sympli(M) such that for every / G 7^2 either / is an Anosov diffeomorphism 
or all its hyperbolic sets have zero measure. Taking TZ = TZi D IZ2, we obtain: 

Theorem 4. There exists a residual set IZ C Symplj^(M) such that every f ^ TZ 
either is Anosov or has at least two zero Lyapunov exponents at almost every point. 

For d = 2 one recovers the two-dimensional result of Mafie-Bochi. 
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1.4 Linear cocycles 



Now we comment on corresponding statements for linear cocycles. Let M be a 
compact HausdorfF space, ^ a Borel regular probability measure, and f : M ^ M a 
homeomorphisms that preserves fi. 

Let G C GL((i, R) be a closed group and C{M,G) represent the space of all 
continuous maps M ^ G, endowed with the C°-topology. To each A G C{M, G) 
one associates the linear cocycle 

Fa: M xM.'^ ^ M xW^ , F{x, v) = {f{x),A{x)v). (1.2) 

Oseledets theorem extends to this setting, and so does the concept of dominated 
splitting; see sections 2A and 

Theorem 5. Let G be a closed subgroup o/GL(d, M) acting transitively on MP"^""^. 
Then Aq G C{M, G) is a point of continuity of 

G{M,G) 9 (LEi(A),... ,LEd_i(^)) G R'^-^ 

if and only if the Oseledets splitting of the cocycle Fa at x is either dominated or 
trivial at fi- almost every x £ M. 

Consequently, there exists a residual subset IZ C C(M, G) such that for every 
A £ TZ and almost every x £ X , the Oseledets splitting of Fa at x is either trivial 
or dominated. 

The most common matrix groups satisfy the hypothesis of the theorem, e.g., 
GL((i, M), SL(d, M), Sp(2^,M), as well as SL{d,C), GL(d, C) (which are isomorphic 
to subgroups of GL(2ci, M)). Notice that compact groups are not of interest in this 
context, because all Lyapunov exponents vanish identically. 

Corollary 1. Assume {f,^j) is ergodic. For any G as in Theorem there exists a 
residual subset IZ C G{AI, G) such that every A £ TZ either has all exponents equal at 
almost every point, or there exists a dominated splitting of M xM.'^ which coincides 
with the Oseledets splitting almost everywhere. 



1.5 Extensions and related problems 

Problem 3. For generic smooth families W Diff^(M), Sympli(M), C{M,G), 
what can be said of the Lebesgue measure of the subset of parameters corresponding 
to zero Lyapunov exponents ? 

Problem 4. What are the continuity points of Lyapunov exponents in Diff^^' (M) 
or G''{M,G) for r > ? 

Most of the results stated above were announced in . Actually, our theorems ^ 
and Q do not quite give the full strength of theorem 4 in Q . The difficulty is that the 
symplectic analogue of our construction of realizable sequences is less satisfactory, 
unless the subspaces involved have the same dimension; see remark ^.2| . 

Problem 5. The Oseledets splitting of generic symplectic G^ diffeomorphisms is 
either trivial or partially hyperbolic at almost every point. 

Theorem ^ and the corollary remain true if one replaces G {M, G) by L°° (M, G) . 
We only need / to be an invertible measure preserving transformation. 
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2 Preliminaries 



2.1 Lyapunov exponents, Oseledets splittings 

Let M be a compact Hausdorff space and vr : if — > M be a continuous finite- 
dimensional vector bundle endowed with a continuous Riemann structure. A cocycle 
over a homeomorphism / : M — > M is a continuous transformation F : 8 ^ 8 such 
that TT o F = / o TT and F^ : £x ^f{x) is a linear isomorphism on each fiber 
£x = 7r~^(x). Notice that ( |l.2| ) corresponds to the case when the vector bundle is 
trivial. 



2.1.1 Oseledets theorem 

Let /i be any /-invariant Borel probability measure in M. The theorem of Os- 
eledets |21] states that for /i-almost every point x there exists a splitting 

£x = El(B---(BE',^^\ (2.1) 
and real numbers Xi{x) > • • • > Xk{x){^) such that Fx{Ei) = E-'^^^^ and 

hin -\og\\F:^{v)\\=\,{x) 

for V £ Ei \ {0} and j = 1, . . . , k{x). Moreover, if Ji and J2 are any disjoint subsets 
of the set of indices {1, . . . ,k{x)}, then 

lim -log<(ff) Ei„, Ei„,,]=0. (2.2) 

Let Ai(x) > A2(a;) > ••• > Arf(x) be the numbers Xj{x), each repeated with 
multiplicity dimi?^ and written in non- increasing order. When the dependence 
on F matters, we write Xi{F,x) = Xi{x). In the case when F = Df, we write 
Xi{f,x) = Xi{F,x) = Xi{x). 



2.1.2 Exterior products 

Given a vector space V and a positive integer p, let /\^{V) be the p:th exterior 
power of V. This is a vector space of dimension (°^, whose elements are called 
p-vectors. It is generated by the p-vectors of the form vi A ■ ■ ■ A Vp with Vj S V, 
called the decomposable p-vectors. A linear map L : V ^ W induces a linear map 
AP{L) : AP{V) AP{W) such that 

AP{L){vi a-- - Avp) = L{vi) A • • • A L{vp). 

If V has an inner product, then we always endow A^{V) with the inner product such 
that 11^1 A • • • AVpW equals the p-dimensional volume of the parallelepiped spanned 
hy vi, ... , Vp. See section 3.2.3]. 

More generally, there is a vector bundle AP{£), with fibers AP{£x), associated 
to £, and there is a vector bundle automorphism A^(F), associated to F. If the 
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vector bundle £ is endowed with a continuous inner product, then f\^{£) also is. 
The Oseledets data of A^{F) can be obtained from that of F, as shown by the 
proposition below. For a proof, see [Q, theorem 5.3.1]. 

Proposition 2.1. The Lyapunov exponents (with multiplicity) of the automorphism 
A^(F) at a point x are the numbers 

Xij^{x) + ■ ■ ■ + Xip{x), where 1 < ii < ■ ■ ■ < ip < d. 

Let {ei(x), . . . , edix)} he a basis of £x such that 

ei{x) G Ei for dimEl H h dimSf"-^ < i < dimS^ H h dimE'f . 

Then the Oseledets space Ei'^^ of f\P{F) corresponding to the Lyapunov exponent 
Xj{x) is the sub-space of KP{£x) generated by 

Cjj A • • • A Cjp, with 1 < ii < ■ ■ ■ < ip < d and Ajj(x) + • • • + Ajp(x) = Xj{x). 



2.1.3 Semi-continuity of integrated exponents 

Let us indicate Ap(F, x) = Xi{F, x) + ■ ■ ■ + Xp{F, x), for p = 1, . . . ,d — 1. We define 

the integrated Lyapunov exponent 

LEp(F)= / Ap{F,x)dfiix). 

More generally, if F C M is a measurable /-invariant subset, we define 

LEp(F,F) = ^Ap(F,a;)d^(x). 

By proposition U, Ap(F,x) = Xi{NPF,x) and so LEp(F,F) = LEi(ap(F), F). 
When F = Df, we write Ap(/, x) = Ai(F, x) and LEp(/, F) = LEp(F, F). 

Proposition 2.2. IfTcM is a measurable f -invariant subset then 
LEp(F,F)= inf i / log\\^P{F:)\\d^^{x). 

Proof. The sequence = J-plog {F^)\\ dfi is subadditive (fln+m < On + Om), 
therefore lim ^ = inf ^ . □ 

n n 

As a consequence of proposition 2^, the map / € Diff^(M) i-^ LEp(/) is upper 
semi-continuous, as mentioned in the introduction. 



2.2 Dominated splittings 

Let F C M be an /-invariant set. A splitting £y = E"^ (B E'^ is dominated for F if it 
is F-invariant, the dimensions of EJj. are constant on F, and there exists m G N such 
that, for every x S F, 

\\f^\e4 1 

II X \E^n ^2.3) 
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We denote m(L) = \\L^^ \\^^ the co-norm of a linear isomorphism L. The dimension 
of the space is called the index of the splitting. 

A few elementary properties of dominated decompositions follow. The proofs 
are left to the reader. 

Trans versality: If £y = -E^©-E^ is a dominated splitting then the angle <{El, E^) 
is bounded away from zero, over all x eT. 

Uniqueness: If £r = E^ (B E"^ and £y = E^ ® E"^ are dominated decompositions 
with dim^;^ = dim£^^ then E"- = E"- iov i = 1, 2. 

Continuity: A dominated splitting £y = E^ ® E"^ is continuous, and extends 
continuously to a dominated splitting over the closure of F. 

2.3 Dominance and hyperbolicity for symplectic maps 

Let (V, a;) be a symplectic vector space of dimension 2q. Given a subspace W CV, 
its symplectic orthogonal is the space (of dimension 2q — dim W) 

= {we W; io{v, w)=0 for all v G V}. 

The subspace W is called symplectic if CiW = {0}, that is, cj|^yxVK is a non- 
degenerate form. W is called isotropic ii W C W^, that is, w|vkxVK = 0. The 
subspace W is called Lagrangian ifW = W^, that is, it is isotropic and dim = q. 

Now let (M, a;) be a symplectic manifold of dimension d = 2q. We also fix in M a 
Riemannian structure. For each x € M, let Jx '■ T^M T^M be the anti-symmetric 
isomorphism defined by lo{v,w) = {JxV,w) for all v,w E T^M. Denote 

C^ = sup ||J±i||. (2.4) 

In particular, we have 

|a;('y,'u;)| < Ct^llull 111/;!! for all ^u; e T^M. (2.5) 

Lemma 2.3. If E, F C T^M are two Lagrangian subspaces with E F = {0} and 
a = <{E,F) then: 

1. For every v E E {0} there exists u; G -F \ {0} such that 

\u}{v, w)\ > sin a \\v\\ \\w\\. 

2. If S : T^M TyM is any symplectic linear map and /3 = <{S{E), S{F)) then 

C-^sma < in{S\E) \\S\f\\ < Cl{smP)-\ 
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Proof. To prove part 1, let p : T^M — > F be the projection parallel to E. Given 
a non-zero v G E, take w = p(Jxv). Since E is isotropic, tLi{v,w) = uj{v,Jxv) = 
WJxvW^ > C~^\\v\\ llJx^'ll- Also \\w\\ < \\p\\ \\Jxv\\ and \\p\\ = 1/sina, so the claim 
follows. 

To prove part 2, take a non-zero v G E such that H'S'ull/llf || = in{S\E) and let w 
be given by part 1. Then 

Cj"*" sin a ||f || ||tt;|| < \uj{v, w)\ = \uj{Sv, Sw)\ < C^\\Sv\\ \\Sw\\. 

Thus m{S\E) ||S't(;||/||t(;|| > C^'^sina, proving the lower inequality in part 2. The 
upper inequality follows from the lower one applied to S{F), S{E) and S^^ in the 
place of E, F, and S, respectively. □ 



Lemma 2.4. Let f G Sympl^(M), and let x be a regular point. Assume that 
Xg{f,x) > 0, that is, there are no zero exponents. Let E^ and E~ he the sum of 
all Oseledets subspaces associated to positive and to negative Lyapunov exponents, 
respectively. Then 

1. The subspaces E^ and E^ are Lagrangian. 

2. If the splitting E^ © E^ is dominated at x then E^ is uniformly expanding 
and E~ is uniformly contracting along the orbit of x . 

Proof. To prove part 1, we only have to show that the spaces E^ and E~ are 
isotropic. Take vectors vi,V2 £ E~ . Take e > with e < Xg{f,x). For every large 
n and i = 1,2, we have ||Z)/^?;j|| < e~"^||t;j||. Hence, by (|2.5D , 

\u;{vuV2)\ = HDf^vi, Df ^2)1 < ^e^'^lbill ||t^2||, 

that is, uj{vi,V2) = 0. A similar argument, iterating backwards, gives that E^ is 
isotropic. 

Now assume that E'^ >- E^ at x. Let a > be a lower bound for <{E^ , E~) 
along the orbit of x, and let C = C^{sma)~^ . By domination, there exists m £ N 
be such that 

\\Dff^(x)\E-\\ 1 , ^_ ^ 

— - — , r < — , for all n G Z. 

m(L>/-(^,)U+) 4C' 

By part 2 of lemma 0, we have C'^ < m{Df'p„^^^\E+) || < C. There- 

fore 

> 2 and \\Df^„^^^\E-\\ < \ for ah n G Z. 
This proves part 2. □ 



Remark 2.5. More generally, existence of a dominated splitting implies partial hy- 
perbolicity: If E ® F is a dominated splitting, with dim E < dim F, then F splits 
invariantly as F = C®F, with A\m.F = dimi?. Moreover, E is uniformly expanding 
and F is uniformly contracting. This fact was pointed out by Mane in |16|. A proof 
in dimension 4 was given recently by Arnaud Q. Since the present paper does not 
use this result, we omit the proof. 
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2.4 Angle estimation tools 

Here we collect a few useful facts from elementary linear algebra. We begin by 
noting that, given any one-dimensional subspaces A, B, and C of M'^, then 

sin <{A, B) sin <{A + B,C) = sin <(C, A) sin <(C + A, B) 

= sm<{B,C) sm<{B + C,A). 

Indeed, this quantity is the 3-dimensional volume of the parallepipid with unit edges 
in the directions A, B and C. As a corollary, we get: 

Lemma 2.6. Let A, B and C he subspaces (of any dimension) ofW^. Then 

sin<{A,B + C) > sm<{A,B) sm<{A + B,C). 

Let V, w be non-zero vectors. For any a E M, \\v + aw\\ > sin<(w,t(;), with 
equality when a = {v,w)/\\w\\'^. Given L G GL(d, M), let /? = {Lv, Lw) /\\Lw\\'^ 
and z = V + j3w. By the previous remark, ||2;|| > ||w|| sin <(u, u;) and \\Lz\\ = 
\\Lv\\sm.<{Lv^Lw). Therefore 

\\Lz\\ m(L)||f|| , ^ , ^ 

sin <iLv, Lw) = 77—4 > , / " sin < w). (2.6) 

\\Lv\\ 

As a consequence of (^), we have: 

Lemma 2.7. Let L : ^ he a linear map and let v, w be non-zero vectors. 
Then 

m(L) ^ sin<(Lw,Liz;) ^ ||L|| 
||L|| ~ sin<(t',tt;) ~ m(L) 

Thus ||-L||/m(L) measures how much angles can be distorted by L. At last, we 
give a bound for this quantity when d = 2. 

Lemma 2.8. Let L : —>■ M? be an invertible linear map and let v,w ^ M.'^ be 
linearly independent unit vectors. Then 

\\L\\ ^ ( \\Lv\\ \\Lw\\] 1 1 
< 4 max ■ 



m(L) [||Lu;||' \\Lv\\ j sm<{v,w) sm<{Lv,Lw) 

Proof. We may assume that L is not conformal, for in the conformal case the left 
hand side is 1 and the inequality is obvious. Let Ms be the direction most contracted 
by L, and let 9, (f) £ [0, vr] be the angles that the directions and Mtt;, respectively, 
make with Ms. Suppose that \\Lv\\ > \\Lvu\\. Then (p < 9 and so <{v,w) < 29. 
Hence 

ll^^^ll ^ ll^ll sm9 > ^\\L\\ sin 20 > sin<(u,ti;). 
Moreover, |det-L| = m(L)||L|| and 

II ||Lu;|| sin <(Lf , Lu;) = |det L| sin <(f , tt;). 

The claim is an easy consequence of these relations. □ 
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2.5 Coordinates, metrics, neighborhoods 

Let (M, cj) be a symplectic manifold of dimension d = 2q > 2. According to Dar- 
boux's theorem, there exists an atlas A* = {^pi : V* M°'} of canonical local 
coordinates, that is, such that 

{(fi)^UJ = dxi A dX2 H h dX2q-l A dX2q 

for all i. Similarly, cf. Lemma 2], given any volume structure (3 on a d- 

dimensional manifold M, one can find an atlas A* = {tpi : V* — > M^} consisting 
of charts ipi such that 

{ipi)*P = dxi A • • • A dxd ■ 

In either case, assuming M is compact one may choose A* finite. Moreover, we 
may always choose A* so that every V* contains the closure of an open set V^, such 
that the restrictions ipi : Vi ^ still form an atlas of M. The latter will be denoted 
A. Let A* and A be fixed once and for all. 

By compactness, there exists ro > such that for each x G M, there exists 
i{x) such that the Riemannian ball of radius ro around x is contained in For 
definiteness, we choose i{x) smallest with this property. For technical convenience, 
when dealing with the point x we express our estimates in terms of the Riemannian 
metric || • || = || • |U defined on that ball of radius ro by ||?;|| = Observe 
that these Riemannian metrics are (uniformly) equivalent to the original one on M, 
and so there is no inconvenience in replacing one by the other. 

We may also view any linear map A : T^^M — > T^jM as acting on M*^, using local 
charts (/'i(xi) ^-^id (Pi(x2)- This permits us to speak of the distance \\A — B\\ between 
A and another linear map B : T^^M — > T^^M whose base points are different: 

\\A - B\\ = \\D2AD^^ - D^BD^% where Dj = (D^,^,^)),^. 

For x G M and r > small (relative to ro), Br{x) will denote the ball of radius r 
around x relative to the new metric. In other words, Br{x) = (p~^'l^^(^B{ipj^(^^-j(x),r)^ . 
We assume that r is small enough so that the closure of Br (x) is contained in V^*^) • 

Definition 2.9. Let Eq > 0. The eo-basic neighborhood U{id,£o) of the identity 
in Diff^(M), or in Sympli(M), is the set U{id,eo) of all h G Diff),(M), or /i G 
Symplj^(M), such that h^^iVi) C V* for each i and 

h{x) G B{x,eo) and \\Dhx — I\\ < £o for every x G M. 

For a general / G Diff^(M), or / G Sympl^(M), the eo-basic neighborhood Z//(/, eo) 
is defined by: g G U{f,eo) if and only if /^^ 05 G L{{id,eo) or g o /^^ g L{{id,eo). 

2.6 Reahzable sequences 

The following notion, introduced in |p, is crucial to the proofs of theorems |l| 
through ^. It captures the idea of sequence of linear transformations that can be 
(almost) realized on subsets with large relative measure as tangent maps of diffeo- 
morphisms close to the original one. 
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Definition 2.10. Given / e Diffj^(M) or / G Sympli,(M), constants Eq > 0, and 
< K < 1, and a non-periodic point x G M, we call a sequence of linear maps 
(volume preserving or symplectic) 

T^M Tf^M ^ • • • Tfn^M 

an (eo, -realizable sequence of length n at x if the following holds: 

For every 7 > there is r > such that the iterates f^{Br{x)) are two-by-two 
disjoint for < j < n, and given any non-empty open set U C Br{x), there are 
g GU^f, Eq) and a measurable set K C U such that 

(i) g equals / outside the disjoint union lJj=o /"'(^)' 

(ii) M^)>(l-K)/i(C/); 

(iii) ii y £ K then \\Dggjy — Lj\\ < 7 for every < j < n — 1. 

Some basic properties of realizable sequences are collected in the following 

Lemma 2.11. Let f G Diff^(M) or f £ Sjmpllj{M), x e M not periodic and 
n G N. 

1. The sequence {Dfx, ■ ■ ■ , Dfjn-i(^x)} is (eq, k) -realizable for every Eq and k (we 
call this a trivial realizable sequence). 

2. Let Ki,K2 G (0,1) be such that k = ki -|- K2 < 1. If {Lq,... ,L„_i} is 
{eq, Ki) -realizable at x, and {Ln, ■ ■ ■ , Ln+m-i} is {eq, K2) -realizable at f^{x), 
then {Lq) • • • is (eoi k) -realizable at x. 

3. If {Lo, . . . , Ln-i} is {eq, K)-realizable at x, then {L^\^, . . . , Lq^} is an {eq, k)- 
realizable sequence at /"(x) for the diffeomorphism f^^. 

Proof. The first claim is obvious. For the second one, fix 7 > 0. Let ri be the radius 
associated to the (eo, Ki)-realizable sequence, and r2 be the radius associated to the 
(^0) K2)-realizable sequence. Fix < r < ri such that f'^{Br{x)) C i?(/"(x), r2). 
Then the f^{Br{x)) are two-by-two disjoint for < j < n -\- m. Given an open 
set U C Br{x), the realizability of the first sequence gives us a diffeomorphism 
gi G h({f,Eo) and a measurable set Ki C U. Analogously, for the open set f^{U) C 
B{f^{x),r2) we find g2 G U{f,Eo) and a measurable set K2 C f^{U). Then define a 
diffeomorphism g as g = gi inside U U ■ ■ - U f"^^^{U) and g = g2 inside f'^{U) U • • • U 
yn+m-ij-jy-j^ with g = f elscwhere. Consider also K = Kif\ g~^{K2). Using that g 



preserves volume, one checks that g and K satisfy the conditions in definition p.lC . 
For claim 3, notice that U{f, Eq) = U{f^^ ,Eq). □ 

The next lemma makes it simpler to verify that a sequence is realizable: we only 
have to check the conditions for certain open sets U C Br{x). 

Definition 2.12. A family of open sets {Wq,} in R'^ is a Vitali covering oi W = 
UaWa if there is C > 1 and for every y G W, there are sequences of sets Wa„ 3 y 
and positive numbers s„ — > such that 

Bs,,{y) C W^^ C BcsAy) forallnGN. 
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A family of subsets {Ua} of M is a Vitali covering oiU = UaUa if each Ua is con- 
tained in the domain of some chart (/'i(a) in the atlas A, and the images {^i[a){Ua)} 
form a Vitali covering of = ^(U), in the previous sense. 



Lemma 2.13. Let f G Diff^(M) or f e Sympli(M), and let Eq > and k > 0. 

Tjj+i(^.), < j < n — 1 of linear maps at 
M.'^ be a chart in the atlas A, with V 3 x. 



Consider any sequence Lj : Tfj(^^-^M - 
a non-periodic point x, and let ip : V 



Assume the conditions in definition \2.1(\ are valid for every element of some Vitali 
covering {Ua} of Br{x). Then the sequence Lj is {eq, k) -realizable. 

Proof. Let U be an arbitrary open subset of Br{x). By Vitali's covering lemma 



(see 1 17]), there is a countable family of two- by- two disjoint sets Ua covering U up 
to a zero Lebesgue measure subset. Thus we can find a finite family of Ua with 
disjoint closures and such that niJJ — |J^ Ua) is as small as we please. For each 
Ua there are, by hypothesis, a perturbation Qa G U{f.,eQ) and a measurable set 
Ka C Ua with the properties (i)-(iii) of definition |2.10| . Let X = |J Ka and define g 
as being equal to ga on each f^{Ua) with < j < n — 1. Then g £U{f, Eq) and the 



pair {g,K) have the properties required by definition 2.1C. 



□ 



3 Geometric consequences of non-dominance 

The aim of this section is to prove the following key result, from which we shall 
deduce theorem ^ in section ^ 

Proposition 3.1. Given f G I)iSj^{M), eq > and < k < 1, i/ m G N is 

sufficiently large then the following holds: Let y G M be a non-periodic point and 
suppose one is given a non-trivial splitting TyM = E ® F such that 

m(Z)/-|s) - 2 ■ 

Then there exists an (eq, k) -realizable sequence {Lq, . . . , L^-i} at y of length m and 
there are non-zero vectors v £ E and w G Df^{F) such that 

Lm-i ■ ■ ■ Lq{v) = w. 



3.1 Nested rotations 

Here we present some tools for the construction of realizable sequences. The first 
one yields sequences of length 1: 

Lemma 3.2. Given f G Diff^(M), eg > 0, k > 0, there exists e > with the 
following properties: 

Suppose we are given a non-periodic point x G M, a splitting M.'^ = X Q)Y with 
X J- Y and diml" = 2, and a elliptic linear map R : Y ^ Y with \\R — I\\ < e. 
Consider the linear map R : T^M — > T^M given by R{u -\- v) = u -\- R{v), for 
u G X, V gY. Then {Df^R} is an (eq, k) -realizable sequence of length 1 at x and 
is an (eq, k) -realizable sequence of length 1 at the point f~^{x). 



14 



We also need to construct long realizable sequences. Part 2 of lemma 2.11 pro- 
vides a way to do this, by concatenation of shorter sequences. However, simple 
concatenation is far too crude for our purposes because it worsens n: the relative 
measure of the set where the sequence can be (almost) realized decreases when the 
sequence increases. This problem is overcome by lemma below, which allows us 
to obtain certain non-trivial realizable sequences with arbitrary length while keeping 
K controlled. 

In short terms, we do concatenate several length 1 sequences, of the type given 



by lemma |3.2| , but we also impose that the supports of successive perturbations be 
mapped one to the other. More precisely, there is a domain Co invariant under the 
sequence, in the sense that • • • Lq{Cq) = Dfi{Co) for all j. Following @, where 
a similar notion was introduced for the 2-dimensional setting, we call such Lj nested 
rotations. When d > 2 the domain Cq is not compact, indeed it is the product 
Co = ^0 ffi ^0 of a codimension 2 subspace Xq by an ellipse Bq C Xq . 

Let us fix some terminology to be used in the sequel. If is a vector space with 
an inner product and F is a subspace of E, we endow the quotient space E/F with 
the inner product that makes v G F-^ i— > (v + F) S E/F an isometry. HE' is another 
vector space, any linear map L : E ^ E' induces a linear map L/F : E/F E' /F' , 
where F' = L{F). If E' has an inner product, then we indicate by ||-L/F|| the usual 
operator norm. 

Lemma 3.3. Given f G Diff^(M), eq > 0, n > 0, there exists e > with the 
following properties: Suppose we are given a non-periodic point x G M and, for 
j = 0,1,... ,n-l, 

• codimension 2 spaces Xj C Tp^^^-^M such that Xj = Dfx{Xo); 

• ellipses Bj C {Tp(^^-^M)/Xj centered at zero with Bj = {Dfx/Xo)(Bo). 

• linear maps Rj : {Tjn^^-^M)/ Xj {T p i^^-^M) / X j such that Rj{Bj) C Bj and 
\\Rj - I\\ < e. 

Consider the linear maps Rj : Tpi^^^M Tj^^-^M such that Rj restricted to Xj is 
the identity, Rj{X^) = Xj- and Rj/ Xj = Rj. Define 

Lj = Dfp^.,)R, : Tp(,)M ^ Tp+r^,)M for < j < n - 1. 

Then {Lq, . . . , Ln-i} is an (eq, K)-realizable sequence of length n at x. 



We shall prove lemma |3.3| in section 3.1.2. Notice that lemma 3.2 is contained 



in lemma 3.3: take n = 1 and use also part 3 of lemma 2.11. Actually, lemma 3.2 



also follows from the forthcoming lemma 3.4. 



3.1.1 Cylinders and rotations 

We call a cylinder any affine image C in of a product B'^~^ x B^, where 
denotes a ball in M.^ . Ifip is the afiine map, the axis A = ■4}{B'^-' X {0}) and the base 
B = ■0({O} B"^) are ellipsoids. We also write C = A®B. The cylinder is called right 
if A and B are perpendicular. The case we are most interested in is when i = 2. 
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The present section contains three prehminary lemmas that we use in the proof 
of lemma |3.3| . The first one explains how to rotate a right cylinder, while keeping 
the complement fixed. The assumption a > rb means that the cylinder C is thin 
enough, and it is necessary for the estimate in part (ii) of the conclusion. 

Lemma 3.4. Given eq > and < o" < 1, there is e > with the following 
properties: Suppose we are given a splitting = X(BY with X J-Y and dimy = 2, 
a right cylinder A(B B centered at the origin with A C X and B C Y , and a linear 
map R '.Y ^ Y such that R{B) = B and \\R — I\\ < £■ Then there exists r > 1 such 
that the following holds: 

Let R:W^ he the linear map defined by R{u + v) = n + Rv, for u £ X, 

V £Y . For a, b > consider the cylinder C = a A ®bB. If a > rb and diamC < £q 
then there is a volume preserving diffeomorphism h -.W^ satisfying 

(i) h{z) = z for every z ^ C and h{z) = R{z) for every z G aC; 
(ii) \\h{z) — z\\ < Eq and \\Dhz — I\\ < Eq for all z G M°'. 
Proof. We choose e > small enough so that 

18e 



1 



< eo. (3.1) 



Let A, B, X, Y, R, R be as in the statement of lemma. Let {ei, . . . ,ed} be an 
orthonormal basis of M'^ such that ei, 62 £ Y are in the directions of the axes of the 
ellipse B and Cj £ X ioi j = 3, . . . ,d. We shall identify vectors v = xei + ye2 G Y 
with the coordinates {x,y). Then there are constants A > 1 and p > such that 
B = {(x, y); A^^x^ + A^y^ < p^}. Relative to the basis {ei, 62}, let 

/ A \ , f cos a — sin a\ 

-^A = n \-i ^^'^ Ra = { ■ 

\U A J \sma cos a J 

The assumption R{B) = B implies that R = H\RaH^^ for some a. Besides, the 
condition — /|| < e implies 

A^lsinal < ||(^- /)(0, 1)11 < e. (3.2) 

Let 93 : R — > R be a C°° function such that ip{t) = 1 for t < a, ip{t) = for 
t > 1, and < —ip'{t) < 2/(1 — a) for all t. Define smooth maps tp : Y ^ M and 
gt-.Y^Y by 



ij{x,y) = aip{\fxF^^) and gtix.y) = R^{t)i,{x,y){x,y). 

On the one hand, gt{x,y) = {x,y) if either t > 1 or x^ + > 1. On the other 
hand, gt{x, y) = Ra{x, y) if t < a and x^ + > o"^. We are going to check that the 
derivative of gt is close to the identity if e is close to zero; note that | sinaj is also 
close to zero, by (|3.2|). We have 



_ f cos{tiP) -sm{tiP)\ /-xsin(tV) -ycos{tTP)\ , . 
^[gt)ix,y) - l^sin(tV) cos(tV') J \ xcos(tV) " sin(tV) J ' ^ 

= RtiP{x,y) + i [RTT/2+tiP{x,y){x,y)] ' -DV'(a;,j/) 
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Consider < t < 1 and + < 1. Then 

\\D{gt)(x,y) - I\\ = \\Rtilj(x,y) - I\\ + \\RTT/2+tiP{x,y)ix,y)\\ ■ ||Z)V(x,s/) II 

< I sin {t'ip{x, y)) | + || [2ax{p'{x'^ + y^) , 2ayLp' {x^ + y^)) || 

Taking e small enough, we may suppose that a < 2| sina|. In view of the choice of 
(p and if), this implies 

\\D{gt){x,y) - I\\ < |sina| + 4|a|/(l - a) < 9|sina|/(l - a). (3.3) 

We also need to estimate the derivative with respect to t: 

\\dtg{x,y)\\ < \\^'{t)il^{x,y)R^/2+t4,(x,y){x,y)\\ < 4|sina|/(l - cr). (3.4) 

Now define gt : Y ^ Y hj gt = H\ o o H^^ . Each gf is an area preserving 
diffeomorphism equal to the identity outside B. Thus 

\\gt{x,y) - {x,y)\\ < diamS, (3.5) 
for every {x,y) € B. Moreover, gt = R = H\RaH^^ on aB for all t < a. By (|3^ , 

. Q "Q 

\\D{gt)ix,y) - I\\ = \\Hx{D{gt)^x-^x,Xy) - l)H^'\\ < 
and, applying (S]^) and (|3.lD, we deduce that 



l-a 



\\Di9t)ix,y)-I\\<-^<'-^ (3.6) 
for all {x,y) G B. Similarly, by (|3^) , 

\\dtgtix,y)\\ < X''\\dMX-'x,Xy)\\ < X^ (y^) < y • (3-7) 

Now let Q : X ^ M be a quadratic form such that A = {u ^ X; Q{u) < 1}, 
and let g : M*^ — > X and p : M*^ ^ y be the orthogonal projections. Given a, 6 > 0, 
define h:R'^ ^R'^hy 

h{z) = z' + bga-2Q[zi^{b~^ z")^ where z' = q{z) and z" = p{z). 

It is clear that /i is a volume preserving diffeomorphism. The subscript t = a~'^Q{z') 
is designed so that t < 1 if and only if z' £ aA. Then h(z) = z if either z' ^ aA 
or z" ^ bB. Moreover, h{z) = z' + R{z") = R{z) if z' G aaA and z" € abB. This 
proves property (i) in the statement. The hypothesis diamC < eo and ( ^.5]) give 

||M^)-^||=6||5a-W)(^"'^")-^"'^"ll 

< 6diami3 < diam(a^® 6S) < Eq 

which is the first half of (ii). Finally, fix r > 1 such that ||-D(5a|| < t||m|| for all 
u G M"^, and assume that a > rb. Clearly, 

Dh = q + \{dtg){DQ)q+{Dg)p. 
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Using (3^), (3^), and the fact that \\q\\ = \\p\\ = 1 (these are orthogonal projections), 
\\Dh - I\\ < \\^{dtg){DQ)q\\ + \\{Dg - I)p\\ 

< -o II Ikll + 11^5 - ^11 IIpII < • 

This completes the proof of property (ii) and the lemma. □ 

The second of our auxiliary lemmas says that the image of a small cylinder by a 
diffeomorphism h contains the image by Dh of a slightly shrunk cylinder. Denote 
C{y^ P) = + y, for each y G M*^ and p > 0. 

Lemma 3.5. Let h : R''- ^ R'^ be a C'^ diffeomorphism with h{0) = 0, C C M'^ be 
a cylinder centered at 0, and < A < 1. Then there exists r > such that for any 
Ciy,p)cBriO), 

hiCiy,p))D DhoiC{0,Xp)) + h{y). 

Proof. Fix a norm || • ||o in M.'^ for which C = {z £ M.'^; \\z\\o < 1}. Such a norm 
exists because C is convex and C = —C. Let H = DHq and (7 : M'^ ^ M'^ be such that 
h = H o g. Since g is and DgQ = /, we have 

9{z) - g{y) = z-y + ^{z, y) with lini /^^'^^ = 0. 

{z,y)-^{m ||2;-y||o 

Choose r > such that ||z||,||y|| < r =^> ||^(z,y)||o < (1 — A)||z — y||o (where 
II • II denotes the Euclidean norm in W^). Now suppose C{y,p) C Br{0), and let 
z £ dC{y, p). Then \\z — y||o = p and 

\\9{z) - g{y)h > \\z-y\\o- U{z,y)\\o > Ap. 

This proves that the sets g{dC{y, p)) — g{y) and AC are disjoint. Applying the linear 
map H, we find that h{dC{y,p)) — h{y) and XHC are disjoint. From topological 
arguments, h{C{y,p)) — h{y) D XHC. □ 

The third lemma says that a linear image of a sufficiently thin cylinder contains 
some right cylinder with almost the same volume. The idea is contained in figure 
The proof of the lemma is left to the reader. 

Lemma 3.6. Let A®B be a cylinder centered at the origin, L -.W^ be a linear 

isomorphism, Ai = L[A) and Bi = p{L{B)), where p is the orthogonal projection 
onto the orthogonal complement of Ai. Then, given any < A < 1, there exists 
T > 1 such that if a > rb. 



L{aA®bB) D XaAi bBi. 
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bBi 




aA " XaAi 

Figure 1: Truncating a thin cyhnder to make it right 



3.1.2 Proof of the nested rotations lemma ^ 



(1 



\i/2d ^j^^ then take e > as 



Proof. Let /, eo, and k be given. Define a 
given by lemma |3.4| . Now let x, n 
want to prove that {Lq, . . . , L„} is an (eo, K)-realizable sequence of length at x, cf. 



Xj, Bj, Rj, Rj, Lj be as in the statement. We 



definition 2.10. 



In short terms, we use lemma 3.4 to construct the realization g at each iterate. 
The subset U \K, where we have no control on the approximation, has two sources: 
lemma 3.4 gives h = R only on a slightly smaller cylinder aC; and we need to 
straighten out (lemma ^]^) and to "rightify" (lemma |3.6|) our cylinders at each 
stage. These effects are made small by considering cylinders that are small and very 
thin. That is how we get U \ K with relative volume less than n, independently 
of n. 

For clearness we split the proof into three main steps: 



Step 1: Fix any 7 > 0. We explain how to find r > as in definition 2.1C. 



We consider local charts ipj : Vj —>■ with ipj = ^i[f3x) aiid Vj = 



as 



introduced in section 2.5. Let r' > be small enough so that 

• f^{Br>{x)) C V* for every j = 0, 1 . . . , n; 

• the sets f^{B,.i{x)) are two- by-two disjoint; 

• \\Dfz - ^//i(x)ll ll^ill < 7 for every z e P(S^/(x)) and j = 0, 1 . . . 



n. 



-1 



We use local charts to translate the situation to M . Let fj = v'j+i ° f ° fj 
be the expression of / in local coordinates near f^{x) and f^^^{x). To simplify the 
notations, we suppose that each (pj has been composed with a translation to ensure 
Lpj{f^{x)) = for all j. Up to identification of tangent spaces via the charts (/^j and 
we have Lj = {Dfj)oRj. 

Let ^0 C Xq be any ellipsoid centered at the origin (a ball, for example), and 
let Aj = Dft{Ao) for j > 1. We identify {Tf^^^M)/Xj with Xf, so that we may 
consider Bj C Xj-. In these terms, the assumption Bj = {D fi / Xq){Bq) means that 
Bj is the orthogonal projection of Dfx{Bo) onto Xj-. 

Fix < A < 1 close enough to 1 so that A^"^'^"^) > 1 — k. Let Tj > 1 be associated 



to the data {Aj © Bj, {Dfj)o, A) by lemma |3.6| : if a > Tjb then 



{Dfj)o{aAj © bBj) D XaAj+i © bBj+i (3.8) 
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and let rj > 1 be associated to the data {eq, a, Xj © Xj,Aj ® Bj,Rj) by lemma 3.4 . 
Fix ao > and 6o > such that 

ao > &oA~" max{rj, rj; < j < n - 1}. (3.9) 

For < j < n, define Cj = X'^^aoAj © X^boBj. For z G R"' and /> > 0, denote 
Cj{z,p) = pCj + z. Applying lemma 3^ to the data {fj,Cj,X) we get rj > such 
that 

C{z,p)cBr^{0) fj{Cjiz,p))DiDfMCjiO,Xp))+fj{z). (3.10) 

Now take r > such that r < r' and, for each j = 1, . . . , m — 1, 

/,„i---/o(i?.(0)) cS..-(0). (3.11) 



Step 2: Let U be fixed. We find g £ U{f,eo) and K C U as in definition |2.1C . 

For this we take advantage of lemma p. 13 : it suffices to consider open sets of 
the form U = (pQ^{Co{yo, p)), because the cylinders Co(yO)P) contained in Br{0) 
constitute a Vitali covering. 

We claim that, for each j = 0,1, . . . , m — 1, and every t £ [0, p], 

Cj{yj,t)c fj-i-'-UBriO)) (3.12) 

and 

fj{Cj{yj,t)) D Cj+i{yj+i,t) (3.13) 

For j = 0, relation ( pl|) means Co(yo;i) C Br{0), which is true by assumption. 
We proceed by induction. Assume ( |3.12| ) holds for some j > 0. Then, by ( p. 11 ) 
and ( p^) , 

fj{Cj{yj,t)) D {Df,UC,{Q,Xt))+y,+i 

= {Dfo)o [{X^^+haoA,) © {X^+HhoBj)] 

Relation (|^ implies that X^^+ha^ > Tj^X^+^tbo). So, we may use (|3.8D to conclude 
that 

fj(Cj(yj,t)) D (X^^+HaoAj) © (X^+HboBo) + yj+i = Cj+i{yj+i,t) 

This proves that (|3l^ ) holds for the same value of j. Moreover, it is clear that if 
( p. 13 ) holds for all < i < j then (p.l2D is true with j + 1 in the place of j. This 
completes the proof of ( p. 12]) and (|3.13| ). 

Condition ( ^ ) also implies A^%o > rj (X^bo). So, we may use lemma (cen- 
tered at yj) to find a volume preserving diffeomorphism hj : M"' — > M*^ such that 

1. hj{z) = z for all z ^ Cj{yj, p) and hj{z) = yj + Rj{z — yj) for all z £ Cj{yj,ap) 
and, consequently, 

hj{Cj{yj,ap)) =Cj{yj,ap) and hj{Cj{yj, p)) = Cj{yj, p). (3.14) 
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2. \\hj{z) - z\\ < eo and \\{Dhj);, - I\\ < eq for all z G M''. 

Rj is the linear map Tp^^^-^ — > Tp+i^^^ in the statement of the theorem or, more 
precisely, its expression in local coordinates (pj. Let Sj = ipj^{{z; h{z) / z}) C M. 
By property 1 above and the inclusion ( p.l2| ), 

S, C ip]\f,-i ■ ■ ■ UBM)) = P{Br{x)). 

In particular, the sets Sj have pairwise disjoint closures. This permits us to define 
a diffeomorphism g G Diff^(M) by 

V'J+i ° Uj ° hj) o ipj on Sj for each < j < n — 1 
/ outside 5*0 U • • • U 5„_i 

Property 2 above gives that f^^ o <? G ^(id, eo), and so g £ U{f,eo). 



Step 3: Now we define K <ZU and check the conditions (i)-(iii) in definition 2.1C. 
By construction, hj = id outside Cj{yj,p), and so 

'Pj+i ° ifj °hj)o ipj = f outside ip'^ {Cj{yj,p)). 

Using (111) and (|1|), we have ip'^ {Cj{yj, p)) C P{U) for all < j < n-1. Recall 
that U = (/9q ^(Co(yo) p))- Hence, g = j outside the disjoint union \-i^lQf-'{U). This 
proves condition (i). 

Define K = g^'^{ip:^^{Cn{yn,(^p)))- Using ( 3.13 ) and (|3.14| ) in the same way 
as before, we see that K C U. Also, since all the maps /, g, hj, ipj are volume 
preserving, and all the cylinders Cj{yj,p), Cj{yj,ap), are right 

volK _ vol(apA^"aAeapA"6g„) _ (A^"^)'^"^ volA (A"a)^ volig^ 
volt/ vol{paAo (B pbBo) vol^o voli3o 

Notice also that vol^,i vol^S^ = vol^o voli3o, since the cylinders Df^{Ao © Bq) 
and An © Bn differ by a sheer. So, the right hand side is equal to A^'^^'^^^V"'. Now, 
this expression is larger than 1 — k, because we have chosen a = (1 — k)^/^ and 
A > (1 - K)V4n(d-i)_ This gives condition (ii). 

Finally, let z £ K. Recall that Lj = Dfjj^^^^Rj. Moreover, {Dhj)^^g^^-^ = Rj 
(we continue to identify Rj with its expression in the local chart ipj), because 

gHz) G 5-"+^((^-i(C„(y„,ap))) C ipjHCjiy^ap)). 

Therefore, writing Zj = hj{ipj[g\z))) for simplicity, 

- Lj\\ = \\D{fj),^Rj - D{fj)oRj\\ < \\D{fj),^ - D{f,)4\\Rj\\ < 7. 

The last inequality follows from our choice of r' . This gives condition (iii) in defini- 
tion ^.10| . The proof of lemma is complete. □ 

Remark 3. 7. This last step explains why it is technically more convenient to require 
\\B>ggi[z) ~ ^jll < 7) rather than Dggj^^^ = Lj, when defining realizable sequence. 
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3.2 Proof of the directions interchange proposition p.l 

Proof. First, we define some auxiliary constants. Fix < k' < ^k. Let ei > 0, 
depending on /, eq and k', be given by lemma Let £2 > 0, depending on /, 



eo and k, be given by lemma 3.3. Take e = min{ei,e2}- Fix a > such that 
\/2 s'ma < e. Take 

K>{sma)~^ and K > max {\\Df^\\/m{Df^); x e M} . (3.15) 

Let /3 > be such that 

8\/2 Ksin/3 < esin'^a. (3.16) 

Finally, assume m G N satisfies m > 2tt/ (3. 

Let 2/ G M be a non-periodic point and TyM = E ® F he a splitting as in the 
hypothesis: 



\\Df^\F\\ ^ 1 
m(Z)/-|s) - 2 ■ 



(3.17) 



We write Ej = Dfy{E) and Fj = Dfy{F) for j = 0, 1, . . . , m. The proof is divided 
in three cases. Lemma |3.2| suffices for the first two, in the third step we use the full 



strength of lemma |3^ 



First case: Suppose there exists £ £ {0,1, . . . , m} such that 

<iEe,Fe)<a. (3.18) 

Fix i as above. Take unit vectors ^ £ Ei and rj £ F^ such that <(^, ??) < a. Let 
y = e M?7 and X = Y^. Let R:Y he a rotation such that R{(,) = 77. Then 
\\R — I\\ = \/2 sm<{S^,ri) < e. Let R : Tji^y-^M T^i^y^^M be such that R preserves 

both X and Y, R\x = I and R\y = R- 



Consider first £ < m. By lemma 3^, the length 1 sequence {Dfjt^y-jR} is (k', Eq)- 



realizable at f (y). Using part 2 of lemma 2.11 we conclude that 

{Lq, ■ ■ ■ Lm-i} = {Dfy,... ,Dfje~ii^y-j,Dfjii^y-jR,Dfje+i(^y),... ,Dff,n-i(^y)} 

is a (k, eo)-realizable sequence of length m at y. The case ^ = m is similar. By 
lemma p^ , the length 1 sequence {RDfj^m.^i(^y-j} is (k', eo)-realizable at f"^~^{y)- 



Then, by part 2 of lemma |2.11 , 

{Lq, . . . Ljn-i} = {Dfy, . . . , Dfjm-2(^y),RDff^-i(^y-j}. 

is a (k, eo)-realizable sequence of length m at y. In either case, Lm-i • • • Lq sends 
the vector v = Df~^{^) £ Eq to a vector w collinear to Df^~^{'q) £ F^- 
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Second case: Assume there exist k,£ £ {0, . . . ,m}, with k < i, such that 

\\Dfj^^y)\Fj 



, , > K. (3.19) 

Fix k and i as above. Let G E^, f] £ he unit vectors such that 

WDf-'^m = MDf-%J and ||Z)/-^r/)|| = WOf-'^lpJ 

[Df^^^ is always meant at the point f^{y))- Define also unit vectors 



Let ^1 = ^ + (sma)r]. Then 61 = <(^,^i) < a, simply because ||^|| = ||?7|| = 1. In 
particular, if i? : © M77 — > R,^ © Mr? is a rotation of angle ±6, sending to M^i 
then 

sin 9 < e. 

Let y = © Mr? and X = y-L. Let R : Tfkiy)M Tfki^^M be such that R 



preserves both X and Y , with R\x = I and i?|y = R. By lemma 3^, the length 1 
sequence {Df^k^y^R} is («;', eo)-realizable at f^{y). Let r][ = s^' + r/', where 

1 WDf-'^m 1 m(Z)/^-'=|i,J 



sina \\Df^-''{ri)\\ sino HD/^-'^li^J] ' 

Then the vectors Df^~^^i and r^i are coUinear. Besides, s < l/(A'sina) < sina, 
because of ( ^3.15 ) and ( ^.19 ). Hence, 9' = <{'i]'i,rj) < a. Then, as before, there 



exists R' : Tfe(^y^M Tf^^y-^M such that R'{^r][) = Mr/ and {R' D f ji-^^y^} is a 
(k', eo)-realizable sequence of length 1 at f^^^{y). 

Notice that ( p^ ) and (|3T9| ) imply i - 1 > k. Then we may define a sequence 
{Lq, . . . , Lm-i} of linear maps as follows: 

(Dffk^y) R for j = k 
R'Dfji-i^y^ ioij = £-l 
Dfj^y^ for all other j. 



By parts 1 and 2 of lemma 2.11| , this is a (k, eo)-realizable sequence of length m at 
y. By construction, Lm-i ■ ■ ■ Lq sends f = Df~^{^) G E'o to a vector u) collinear to 

Third case: We suppose that we are not in the previous cases, that is, we assume 
for every j G {0, 1, . . . , m}, <{Ej, Fj) > a. (3.20) 

and 

\\Dn;f.\FA 

for every i, j G {0, . . . , m} with i < j, J % < K. (3.21) 
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We now use the assumption (3.17), and the choice of m in ( p. 16 ). Take unit vectors 



^ e Eq and rj e Fq such that = m(L»/™|sJ and ||I?/™r/|| = P/"'|foI 

is always computed at y). Let also r?' = L>/™(r/)/||L'/™(r/)|| G F^. 

Define Go = n ^-^ and G^ = Dfi{Go) C Fj for < j < m. Dually, define 
= -^m n 7]'^ and -ffj = Df^~"^{Hm) C for < j < m. In addition, consider 
unit vectors Vj G Ej n Gj- and Wj G Fj n i^j*- for < j < m. These vectors are 
uniquely defined up to a choice of sign, and vq = ±^ and Wm = ^rj'. See Figure ^. 
For j = 0, . . . ,m, define 

Xj = Gj e Hj and Y,- = Rvj M-Wj . 

The spaces Xj are invariant: Dfpf^y~^{Xj) = Xjj^i (the Yj- are not). We shall prove, 
using ( |330| ) and (|3^ ), that the maps DfyjXo : TyM/Xo Tp^y)M/Xj do not 



distort angles too much: 
Lemma 3.8. For every j = 0,1, . . . ,m, 

\\Dfy/Xo\\ ^ 8K 



< 



miDfy/Xo) sin^a 



Dp 




D p-rn 

Figure 2: Setup for application of the nested rotations lemma 



Let us postpone the proof of this fact for a while, and proceed preparing the 

{Dfi/Xo){Bo) for 
. , 9m-i such that 



application lemma 3.2. Let Bq C {TyM)/XQ be a ball and Bj 
< j < m. Since m/5 > 27r, it is possible to choose numbers Oq 
< /9 for all j and 



Let Pj : {TyM)/Xo 
Rj : {Tp^y)M)/X, - 



m—l 

9j = <{vo + Xo,wo + Xo). 

j=0 



(3.22) 



-> (TyM) / Xq be the rotation of angle 9j. Define linear maps 
{Tp^y)M)/X, by 



R, = {Df^/Xo)P,iDf^/Xoy 
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Since Pj preserves the ball Bq, we have Rj{Bj) = Bj for all j. Moreover, 

lifl, _ < JMm IIP, - ,11 < < 

by lemma the relation ||Pj — /|| < \/2 sin/3, and our choice ( 3.16| ) of 13. 

Applying lemma to these data {eq, k,x = y,n = m, Xj,Bj,Rj) we obtain an 
(eo, «^)-realizable sequence {Lq, . . . ,Lm~i} at the point y, with Lj\xj = Dffi(y)\xj 
and 

L,/X, = {Dfp^y)/X,)R, = {Dfl+^/Xj)P, {Df^/Xo)-\ 
Let C = Lm-i ■■■Lq. Then C/Xq = (Df^p /Xo)Pm~i ■ ■ ■ Pq- In particular, by (pD, 

Civo + Xo) = iDf;p/Xo)iwo + Xo) = Df;;iwo) + Xm . 
Recall that X^ = Gm © Hm by definition. Then we may write 

C{vo)=Dfip{wQ)+Um + u'^ 

with Um S Gm and G ifm- Let mq = {Df^)~^{um) £ Gq C Xq n E'o- Since C 
equals Df^ on Xq, we have £(iio) = Um- This means that the vector v = vq—uq G Eq 
is sent by £ to the vector Df '^{wo) + u'^ G i^m- This finishes the third and last case 



of proposition 3.1 



Now we are left to give the 



Proof of lemma 3. t . Recall that Xr^ = Gj © Plj , Gj C Ej and Plj C Fj , Vj G i?-,- 
and Wj G , and Vj _L Gj and Wj _L //j. Hence, using ( ^.20 ), 

<{Xj,v,^ = <{Hj,Vj) > <{Fj,Ej) > a and 
<(Xj © Mvj,Wj) = <(Rvj © Gj,Wj) > <{Ej,Fj) > a 

Using lemma with A = Xj, B = M.Vj, C = 'R.Wj, we deduce the following lower 
bound for the angle between the spaces Xj and Yj = Muj © Mwj : 

sin <{Xj,Yj) > sin <{Xj, Vj ) sin < (Rvj © Xj ,Wj) > sin^ a . 

Let TTj : Y^- — > {Tp^y-^M)/Xj be the canonical map T[j{w) = w + Xj. Then ttj is an 
isomorphism, ||7rj|| = 1 and 

||7r7i|| = l/sin<(yj,Xj) < l/sin^o. (3.23) 

(the quotient space has the norm that makes Xj- 3 w ^ w + Xj an isometry) . 

Now let Pj : Tf^(^y^M — > Yj be the projection onto Yj associated to the splitting 
Tf^{y)M = XjBYj. Let Vj : Yj Yj+i be given by Vj = pj+i o {Dfj^y^ly^). Define 

V^^^-.Yo^Yj by V^^^ =Vj^io...oVo=Pjo{Dfi\Y,). 
We claim that the following inequalities hold: 

4^ < < K for every j with < j < m. (3.24) 

2K ||pO)(uo)|| ~ ~ ^ ' 
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To prove this, consider the matrix of Vj relative to bases {vjjWj} and {fj+i, li^j+i}: 



aj 
6,- 



Then \\V^^\vo)\\ 



\aj-i • • • aol 



and ||I'(-^^(iz;o)|| = \bj-i ■ ■ - bol , since vj and Wj are 



unit vectors. Moreover, for < i < j < m we have 

\a,.i---ai\ = \\p,oDff^^{v,)\\ = \\p^ o Dfj}i-^'\vj)\\-\ 

= \\p,oDfj-^^{w,)\\ = \\p,oDfj}^~'\wj)\\-\ 

Recall that Vg £ Eg and Ws G Fs for all s. When restricted to Eg (or Eg), the 
map ps is the orthogonal projection to the direction of Vg (or Wg). In particular, 
\\Pi\EM = \\Pj\F,\\ = 1 and so 

|a,_i---a,| > \\Dfj}l-'^\E^\\-^ = in{Df-^^\E,) and < p/j-VJ| 



Using (3.21), we obtain that 

\bj-i ■■■bi\ 



«7-i • • • Oj 



< for all < i < /c < m. 



(3.25) 



Taking i = gives the upper inequality in ( |3.24| ). For the same reasons, and the 
definitions of vq = ^ and Wm = rj' = Dfy^{r])/\\Df^{r])\\, we also have 

\am-i---ao\ < \\Df^ivo)\\ = ||Z)/-(0|| = m(Z)n£;J, 

\bm-l---bo\ > WDfyr^iWrnW = P/r(^)ll = PriFol 

Now ( [3.17 ) translates into 



\bm-i ■ • - bo 



1 

«m-i---ao| 2 



Combining this inequality and ( 3.25| ), with i, j replaced by j, m, we find 



■■■bo 



Jm—l 



•••fen 



/ 



'->m-l 



■■■h 



' K ■ 



|«jr-l • • • aol \am-l---CL0\ lam-l • • • CLjl 

which is the remaining inequality in ( |3.24| ). 

Now, combining lemma 2^ with ( |3.24 ) and <{vg,Wg) > a, we get 

8K 

< 



sin^ a 



Moreover, Df^ /Xq = ttj o P^^) o ttq ^. So, using the relation ( |3.23| ), 



\\Dn/xo\ 



< 



koll ^ 8K 



in{Dfi/Xo) m(7rj) m(pO)) m(^o) sin^a' 
This finishes the proof of lemma 



The proof of proposition 3.1 is now complete. 



□ 
□ 
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4 Proof of theorems [I| and |2| 

Let us define some useful invariant sets. Given / G Diff^(M), let 0{f) be the set of 
the regular points, in the sense of the theorem of Oseledets. Given p £ {1, . . . ,d—l} 
and m G N, let T)p[f,m) be the set of points x such that there is an m-dominated 
splitting of index p along the orbit of x. That is, x G 'Dpif, m) if and only if there 
exists a splitting Tfn,j.M = ® Fn {n £ Z) such that for all n G Z, dim£^„ = p, 
Dffnx{En) = En+i, Dffn^{Fn) = and 

\\DfT"(x)\Pn\\ ^ 1 

By section \1.2[ 'Dp{f,m) is a closed set. Let 
rp(/, m) = M \ 'Dp{f, m), 

Tl{f,m) = {xeTpif,m)nO{fy, Xp{f,x)>Xp+i{f,x)}, 
rp(/, w.) = {x G r^(/, m); a; is not periodic}. 

Define also 

rp(/,oo)= fl Tp{f,m) and r«(/,oo)= f| r«(/,m). 
It is clear that all these sets are invariant under /. 

Lemma 4.1. For every f and p, the set Tp{f, oo) contains no periodic points of f. 
In other words, flmeN \ T*{f,m)) = 0. 

Proof. Suppose that x G 0{f) is periodic, say, of period n, and Xp{f, x) > Xp^i{f, x). 
The eigenvalues of Df^ are z^i,... with = e""^'^-^'^^. Let E (resp. F) be 
the sum of the eigenspaces of -D/" associated to the eigenvalues z^i,... , f p (resp. 
fp+i,... ,1^^). Then the splitting TxM = E (B F is D/"-invariant. Spreading it 
along the orbit of x, we obtain a dominated splitting. That is, x G 'Dp{f, m) for 
some m G N, and so x rp(/, oo). □ 



4.1 Lowering the norm along an orbit segment 

Recall that we write Ap(/, x) = Ai(x) + • • • + Ap(x) for each p = 1, . . . , d. 

Proposition 4.2. Lei / G Diff^(M), eo > 0, k > 0, 5 > and p G {1, . . . , d - 1}. 

Then, for every sufficiently large m G N, there exists a measurable function N : 
T*(f,m) — > N with the following properties: For almost every x G T*(f,m) and 

every n > A^(x) there exists an {eq, k) -realizable sequence 
of length n such that 

l^og\\^^at1■■■Lt^\\ < ^^Ezl(fA±h±lifA + s. 
Proof. Fix /, £o, K, 5 and p. For clearness, we divide the proof into two parts: 
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Part 1: Definition of A^(-) and the sequence 

Fix /, ^) ^ and p. Assume m G N is sufficiently large so that the conclusion of 
proposition holds for /, eq and \k (in the place of k). To simplify the notation, 
let r = r*(p, m). We may suppose that ^iV) > 0, otherwise there is nothing to 
prove. Consider the splitting TpM = E (B F, where E is the sum of the Oseledets 
subspaces corresponding to the first p Lyapunov exponents Ai > • • • > Ap and F is 
the sum of the subspaces corresponding to the other exponents Ap+i > • • • > A^. 
This makes sense since Ap > Ap+i on F. Let ^ C F be the set of points y such that 
the non-domination condition ( |3.17| ) holds. By definition of F = F*(/, m), 



U /"(^)- (4-1) 



Let X^^{x), 1 < i < (p) denote the Lyapunov exponents of the cocycle f\^{Df) 
over /, in non-increasing order. Let Vx denote the Oseledets subspace associated to 
the upper exponent A^^(x) and let be the sum of all other Oseledets subspaces. 



This gives us a splitting f\P{TM) = V (£> H. By proposition |2.1| , we have 

Af^(x) = Ai(x) H h Ap_i(x) + Ap(x), 

A2^(x) = Ai(x) H h Ap_i(x) + Ap+i(x). 

If x G F then Ap(x) > Ap_|_i(x) and so Xi^{x) > A2^(x). That is, the subspace Vx is 
one-dimensional . 

For almost every x S F, Oseledets' theorem gives Q{x) G N such that for all 
n > Q{x), we have: 

• h log "^"yj"^""" < (x) + 6 for every z; G K \ {0}; 

• h "^^ Hf^"'" < (x) + 6 for every w e Hx \ {0}; 

• ^ log sin <{Vfnx,Hfux) > 

For (? G N, let Bq = {x £ F; Q(x) < q}. Then Bg | F, that is, the Bq form a non- 
decreasing sequence and their union is a full measure subset of F. Define Cq = 
and 

Cg= [JnAnr^'iBq)). (4.2) 



Since f~^{Bq) | F and (|4.1|), we have Cq j F. To prove the proposition we must 
define the function on F. We are going to define it on each of the sets Cq \ Cq-i 
separately. Prom now on, let g G N be fixed. 

We need the following recurrence result, proved in [^, lemma 3.12]. 

Lemma 4.3. Let f G Diff^(M). Let A C M be a measurable set with fJ.{A) > 0, 
and let F = U„gz/"(^)- Fix any 7 > 0. Then there exists a measurable function 
Nq : F — > N such that for almost every x G F, and for all n > No{x) and t G (0, 1), 
there exists £ G {0, 1, . . . , n} such that t — 7 < £/n < t + 7 and f^{x) G A. 
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Let c be a strict upper bound for log ||aP(L'/)|| and 7 = min{c ^6, 1/10}. Using 

-(<?) . r< 

• '-■Q 



( |4.2| ) and lemma O, we find a measurable function A'^q'^^ : Cq ^ N such that for 



almost every x € Cq, every n > N^j^^x) and every t G (0, 1) there is ^ G {0, 1, . . . , n} 
with \i/n - t| < 7 and fxeAn /-""{Bq). We define N{x) for 2; G \ C7g_i as 
the least integer such that 

iV(x) > max{iV(S''^(x), lOQ(x), m-f-^, (^-Mog[4/ sin <(K, ^x)]}- 

Now fix a point x £ Cq \ Cq~i and n > N{x). We will now construct the 
sequence {L^-^'"^}. Since n > Nq'^\x), there exists ^ G N such that 



£ _ 1 
n~ 2 



<7 and y = f{x)GAnf-"'{Bq 



Since y £ A, where the non-domination condition ( |3.17| ) holds, proposition 3.1 gives 
a sequence {Lq, . . . , Lm-i} which is {eq, |K)-realizable , such that there are non-zero 
vectors vq G Ey, wq G ^f^iy) which 

Lm~i ■ ■ ■ Lo{vo) = Wo . 

We form the sequence {Lq^'"\ . . . , L^^} of length n by concatenating 

< z < {Lo,... {Dfp(^^y, i + m<i <m}. 



According to parts 1 and 2 of lemma 2.11, the concatenation is an {eq, K)-realizable 
sequence at x. 

Part 2: Estimation of WA^iL^^l^f • • • ^o""''"^)!!- 

Write Anit'f ■ ■ ■ = D.CDo, with Do = A^Df,), = {D f^r/^^^^) , 

and C = AP(L„i-i • • • Lq)- The key observation is: 

Lemma 4.4. The map C : AP{TyM) AP(Tfm^y)M) satisfies CiVy) C Hfm^y). 



Proof. Proposition |2Jj describes the spaces V and H. Let z G T and consider a 
basis {ei{z), . . . ed{z)} of T^M such that 

ei{x) G Ei for dim£'^ H h dim£;^"^ < i < dim£'^ H h dim£;^. 

Then Vz is the space generated by ei(z) A • • • A ep{z) and is generated by the 
vectors ejj(z) A ••• A eip{z) with 1 < ii < • • • < ip < c?, > p. Also notice 
that {ei{z),... ,ep{z)} and {ep_|_i(2;), . . . ,ed{z)} are bases for the spaces E^ and 
Fz, respectively. Consider the vectors vq G Ey and i^o = L{vo) G Ffmy, where 
L = Lfn-i ■ ■ ■ Lo- There is 1/ G {1, . . . ,p} such that 

{vo,ei{y),. . . ,ey-i{y),eu+i{y),. ■ ■ ,ep{y)] 

is a basis for E'y. Therefore Vy is generated by the vector 

vo A ei{y) A • • • A ey^i{y) A ey+i{y) A • • • A ep(y). 



29 



which is mapped by £ = A^(L) to 

wo A Lei(y) A • • • A Lcu-iiy) ^ Le^+iiy) A • • • A Lep{y), (4.3) 

Write wq as a hnear combination of vectors ep+i(/™(y)), . . . , ed{f"^{y)) and write 
each Lei{y) as a hnear combination of vectors ei(/™(y)), ... , ed{f^{y))- Substi- 
tuting in (|4.3D , we get a hnear combination of ei^{f^{y)) A ■ ■ ■ A eip{f'^{y)) where 
ei(/™'(y)) A • • • A ep{f^{y)) does noi appear. This proves that the vector in (4.3) 
belongs to Hjm^yy □ 

To carry on the estimates, we introduce a more convenient norm: For 2:0, 2:1 G F 
we represent a hnear map T : A^(Tj:gM) A^{Tx-^M) by its matrix 

with respect to the sphttings T^qM = Vx^ © Hxq and T^^M = Vx^ © -ff^i- Then we 
define 

||T||,nax = max{||r++||, ||r+-||, ||r-+||, ||r— 11}. 

The foUowing elementary lemma relates this norm with the original one ||T|| (that 
comes from the metric in SP(TyM~) ). 

Lemma 4.5. Let Bxq = <{Vxo,Hxo) and Ox^ = <{Vx^,Hx^). Then: 

1. \\T\\ <4(sin0^J-i||r|Uax; 

2. llTlUax < (sin^^J-i||r||. 

Proof. Let w = f + + f _ G Vx^ © Hxq. We have ||f*|| < ||f ||/ smOx^ for * = + and 
* = — . So 



\Tv\\ < ||T++t;+|| + ||T++?7_|| + ||T~t;+|| + ||T~t;_|| < 4||r|Uax|bll/sin( 



This proves part 1. The proof of part 2 is similar. Let u+ G Vxq- Its image splits as 
Tv+ = + T~+v+ G Vx^ © Hx^. Hence, 

||r*+t;+|| < \\Tv+\\{sinex,r^ < \\T\\ Wv+WismOx,)'^ 

for * = + and * = — . Together with a corresponding estimate for T*~f_, v„ G Hx^, 
this gives part 2. □ 

For the linear maps we were considering, the matrices have the form: 



i^r-J'^ = 0'l' and ^ = ^- 
= = D^^ because V and H are AP(Z)/)-invariant, and = because of 



lemma 4.4. Then 
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Lemma 4.6. For z = 0, 1, x G Cg \ Cq_i and n > N{x), 

log||Z)++|| < in(A^^(2;) + 55) and log||Z)r-|| < in(A^^(x) + 55). 

Proof. Since £ > — 7)n > > |^A^(x) > Q{x), we have 

log||I?o++|| =log||AP(D/i)|yJ| <£(Af (x) + 5), 
log||Z)--|| =log||AP(D/i)|Hj| <^(A^"(x) + 5). 

Let A be either A^^(x) or A2^(x). Using 7A < 7c < 5 and 7 < 1, we find 

^(A + 6) < n(i + 7)(A + 5) < n(iA + ^6 + 6 + 6) = in(A + 55). 

This proves the case i = 0. We have n — £ — m > — 7) — 717 > j^n > Q{x) > q. 
Also f{x) G /-""{Bq), and so Ql/^+'^lx)) < q. Therefore 

log\\Dt+\\=log\\AP{DfJ-tn\Vf.^rnJ\ < (n-£-m)(A^^(x) + 5), 
log llZ^r^ll = log l|A^(^/;r+iT)l^^,.+™JI <in-i- m)(A^^(x) + 5). 

As before, {n — i — m){X + 5) < +7)(A+5) in(A+55). This proves case i = 1. □ 
Lemma 4.7. log ||£||max < 2n5. 

Proof. Since the sequence {Lq, . . . , Lm-i} is realizable, each Lj is close to the value 
of Df at some point. Therefore we may assume that log ||A^(Lj)|| < c. In particular, 
log ||£|| < mc < ncj < n6. We have £ + m > — 7) > jqTi > Q{x). So 
log[l/ sin <i{Vfi+mr^, H^i+mr^)] < 6 and, by part 2 of lemma log ||>C||max < 2n5. □ 



Using lemmas |4.6| and |4.7| , we bound each of the entries in (4.4): 

log WDf+C+'D^'W < in(Af (x) + Af (x) + 145) 
log pf-£-+L>++|| < in(A^P(x) + Af (x) + 145) 
log \\D^-C—Dq-\\ < in(2A^P(x) + 145) 

The third expression is smaller than either of the first two, so we get 
log II AP(L„_i • • • Lo)|Uax < ^(^^i!M±^2!M + 7s) . 



Therefore, by part 1 of lemma 4^ and log[4/ sin <(V^, /f^:)] < n6, 
log II A^(L„_i • • • Lo)|| < rz(^£M±^£M + 85) . 



We also have Af^(x) + A2^(x) = Ap_i(/, x) + Ap+i(/, x). This proves proposition 4.2 
(replace 5 with 5/8 along the proof). □ 
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4.2 Globalization 



The following proposition renders global the construction of proposition 4.2 



Proposition 4.8. Let f G Diff^(M), eq > 0, p e {I, . . . ,d - 1} and 5 > 0. Then 
there exist m G N and a dijfeomorphism g G l{{f,eo) that equals f outside the open 
set Tp(f, m) and such that 

We need some preparatory terminology: 

Definition 4.9. Let / G Diff^(M). An f -tower (or simply tower) is a pair of 
measurable sets (T, T^) such that there is a positive integer n, called the height of 
the tower, such that the sets Tb, /(7b), . . . , /"~^(Tb) are pairwise disjoint and their 
union is T. Tb is called the base of the tower. 

An f -castle (or simply castle) is a pair of measurable sets {Q,Qh) such that 
there exists a finite or countable family of pairwise disjoint towers {Ti,Ti\^) such that 
Q = \^Ti and Qb = U ^ib- Qh is called the base of the castle. 

A castle (Q, Qb) is a sub-castle of a castle (Q', Q'^) if Qb C Qb ^"^^ every point 
rc G Qb) if ^ (respectively n') denotes the height of a tower of (Q, Qb) (respectively 
(Q'l Qb)) that contains x, then n = n'. In particular, Q C Q'. 

We shall frequently omit reference to the base of a castle Q in our notations. 

Definition 4.10. Given / G Diff^(M) and a positive measure set A C M, consider 
the return time r : A ^ N defined by t{x) = inf{n > 1; /"(x) G A}. If we denote 
An = T~^{n) then r„ = A„ U /(^„) U • • • U /""^(An) is a tower. Consider the castle 
Q, with base A, given by the union of the towers T„. Q is called the Kakutani castle 
with base A. 

Note that Q = Unez/'*(^) 0) i^^ particular the set Q is invariant. 
Proof of proposition 1^.4 Let f,eo,p and 5 be given. For simplicity, we write 

Ap„i(/,a;) + Ap+i(/,a;) 



Step 1: Construction of families of castles Qj D Q, . 

Let K = (5^. Take m G N large enough so that the conclusion of proposi- 



tion 4.2 holds: there exists a measurable function : r*(/, m) N such that 
for a.e. x G T*{f,m) and every n > N{x) there exists a (eq, '«)-i"ealizable sequence 
|^(a;,n)^ . . . , L^^,^"-*} at X of length n such that 

^log||A^(Z£^---Z(^'-))||<0(x)+5. (4.5) 

We shall also (see lemma assume that m is large enough so that 

//(r«(/,m)\r;(/,m)) <5. (4.6) 
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Let C > supggiY(/,eo) suPygM log \\NP[Dgy)\\ and i = \C/5'\ . For i = 1, 2, . . . , I, let 
Z' = {x^ r*p{f,my, {i - 1)5 < (t){x) < i5}. 

Each Zi is an /-invariant set. Since < C, we have r*(/, m) = U^^;^ Z^. Define the 
sets Zi = {x e Z'; N{x) < n} for n E N and 1 < i < Obviously, j Z' when 
n — > oo. Fix G N such that, for all i = 1, 2, . . . 

fi{Z' X Z},) < 6^fi{Z^). (4.7) 

Using the fact that Ap(/) equals (f) in the /-invariant set Tp{f,m) \ rp(/, m), and 
proposition we may also assume that H is large enough so that 

ilog||A^(Z)/")||<5+ / (4.8) 
for all n > H. 

A measure preserving transformation is aperiodic if the set of periodic points has 
zero measure. The following result was proved in js]. Lemma 4.1]: 

Lemma 4.11. For every aperiodic invertible measure preserving transformation f 
on a probability space X, every subset U C X of positive measure, and every n £ N, 
there exists a positive measure set V C U such that the sets V, fiV), . . . , /"(F) are 
two-by-two disjoint. Besides, V can be chosen maximal in the measure-theoretical 
sense.- no set that includes V and has larger measure than V has the stated properties. 

By definition of the set T*{f,m), the map / : T*{f,m) T*{f,m) is aperiodic. 
So, by lemma for each i there is B' C Zjj such that B\ f{B'), ... , f^-^{B') 



are two-by-two disjoint and such that B^ is maximal for these properties (in the 
measure-theoretical sense). Consider the following /-invariant set: 

= U riB'). 

is the Kakutani castle with base B^ . It is contained in and, by the maximality 



of B'\ it contains Z\^ up to a zero measure subset. Thus, by (4.7) 



li{Z' \ Q') < 6^ii{Z'). (4.9) 

Let C be the sub-castle consisting of all the towers of with heights at most 
2)H floors. The following is a key property of the construction: 

Lemma 4.12. For each i = 1,2, . . . ,£, we have fi{Q'' \ Q*) < ^fi{Z^ \ Zj^). 

Proof. We split the castle into towers as = Ufclj? ^1 where B^ = |Jfc^_ff is 
the base and = |Jj=o fH^D is the tower with base B^, and of height k floors. 
Take k > 2H and H < j < k - H . The sets f^{Bl), . . . fi+^-^{Bl) are disjoint and 
do not intersect 5* U • • • U f^^^{B^). Since B^ is maximal, we conclude that 

k>2H and H <j <k- H ^(/^(B^) n Zj^) = 
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(otherwise we could replace with S*U(/-'(i?|,)nZ|^), contradicting the maximality 
of B\) Thus 

k— H 

k — iH -i- ^ 

k>2H ^^{Tl zi,) > f^if (BD) = r^f^iU)- 

In particular, 

k>3H + l^f,iTl^Zh)>^^,{Tl) 

and so 



oo oo 

X ^ /mi\ ^ X ^ 



fc=3H+l fc=3H+l 

\fc=3H+l / 

as claimed. □ 
Step 2: Construction of the difFeomorphism g. 

Lemma 4.13. For almost every x £ T*{f,m) and every n > N{x), there exists 
r > such that for every ball U = B,f.i{x) with < r' < r there exist h E Z//(/, Eq) 
and a measurable set K C B^' (x) such that 

(i) h equals f outside U"~Q/-' (i?.f./(x)); 

(it) i^iK) > {l-K)ii{Br>{x)); 

(Hi) ify G K then ^ log || AP(Z)/i;;)|| < (j){x)+26. 

Proof. Fix X and n > N{x). Recall the point x is not periodic. Let 7 > be 
very small. Since the sequence given by proposition |4.2| is (k, eo)-realizable, 

there exists r > such that for every ball U = Br'{x) with < r' < r there exists 
h £ U{f,eo) satisfying condition (i) above and there exists K C Br'{x) satisfying 
condition (ii) and 

yeK and 0<j<n-l WDh^jy - Lf''^^\\ < 7. 



Taking 7 small enough, this inequality and (4^) imply 



yGK ^ llog||A^'(m^)||<ilog||AP(LiT^--L("'"))||+5^ 
as claimed in the lemma. □ 

Lemma 4.14. Fix 7 > 0. There exists g G U{f,£o) and for each i = 1,2, .. . ,i 
there exist a g-castle C/' and a g-sub-castle such that: 

(i) the W are open, pairwise disjoint, and contained in Tp(f,m); 
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(ii) n{W \ Q') < 2jn{Z') and \ U') < 2jfi{Z'); 
(Hi) \ K^) < 2Kfi(Z^); 

(iv) g{W) = f(U^) and g equals f outside |Ji=i 

(v) if y is in base of and n{y) is the height of the tower of that contains x 
then 

A_\og\\^P{Dg;^y))\\ <i5 + 26. 

Proof. By the regularity of the measure one can find a compact sub-castle J* C 
such that 

^i{Q' X r) < ^fim. (4.10) 

Since the J* are compact and disjoint we can find open pairwise disjoint castles 
such that each contains J* as a sub-castle, is contained in the open and invariant 
set Tp{f, m), and 

\ J') < -ffim. (4.11) 

For each x S J^, let n{x) be the height of the tower that contains x. is 
contained in Zjj, so N{x) < H < n{x). Let r{x) > be the radius given by 
lemma 4.13, with n = n{x). This is defined for almost every x G J^. Reducing r(x) 
if needed, we suppose that the ball B^(^^^{x) is contained in the base of a tower in 

(with the same height). 

Using Vitali's covering lemmaQ, we can find a finite collection of disjoint balls 

= Brf^ iixk,i), with Xk,i G Jb < rk,i < r{xk,i), such that 

^(^b^U^) <^'"(^b)- (4.12) 

k 

Let Uk^i = n{xk,i). Notice that n{x) = Uk^i for all x^ £ Ul- 

Now we apply lemma 4.13 to each ball C/^. We get, for each k, a measurable set 
Kl C Ul and a diffeomorphism hk,i G l^{f, £o) such that (in 3 we use that Xk,i G Z^) 

— 1 

1. hk^i equals / outside the set |Jj=o /"'(^fc)' 

3. if y G Kl then log \\AP{Dhly)y\\ < <l,{xk,i) + 25<i5 + 26. 

—1 ■ L. 

Let g be equal to hk^i in the set |Jj=o /"'(^i )' each i and k, and be equal to / 
outside. Since those sets are disjoint, g G DiffJ,(M) is a well-defined diffeomorphism. 
Each hk^i belongs to U{f,eo) and so g also does. 

^First, cover the basis of the castle by chart domains. 
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Since each Ul is contained in the base of a tower in the castle V^, is also a 
castle for g. Let W be the g-sub-castle of with base UfcC/^. Analogously, let 
be the 5-sub-castle of C/* with base Uk^l. 

It remains to prove claims (ii) and (iii) in the lemma. Making use of the castle 
structures, relation ( [4.12| ) and item 2 above imply, respectively, 

Hif \ W) < jfi{J') and n{U' \ K') < Kfi{U'). (4.13) 

By ( pID and C Z\ 

/i(C/* \ Q') < X f) < jfim < 7/i(Z^). (4.14) 

This implies the first part of item (ii) . Combining the first part of ( [4. 131 ) with ( [4.10D , 

fi{Q' \ W) < fiiQ' \ + \ U') < 2jn{Q') < 27/i(Z^). 

This proves the second part of item (ii). Finally, second inequality in (|4.13 ) and 

fi{U') < fi{Q') + ti{U' \ Q') < (1 + j)fiiQ') < 2fiiZ'). 

imply item (iii). The lemma is proved. □ 



Step 3: Conclusion of the proof of proposition 

Let U = ULi^' and Q = UUiQ' and Q = UUiQ'- Set N = H6-^. (Of 
course, we can assume that 5^^ G N.) Let 

e N-i 
G = \JG' where G' = Z' n f] g'^ (K') 

i=l j=0 

for each i = 1, 2, . . . ,i. The next lemma means that on G we managed to reduce 
some time exponent: 

Lemma 4.15. If x € G^ then 

llog\\AP{Dg^)\\<i6 + {6C + 2)S. 

Proof. For y G K^, let n{y) be the height of the (jf-tower containing y. Take x £ G, 
say X £ G^. Since the heights of towers of are less than 3H, we can write 

N = ki + ni + n2 -\ \-nj + k2 

so that < A;i, ^2 < 3i/, 1 < ni, . . . , nj < 3H, and the points 

XI = /n^), ^2 = • • • , ^i+i = /^+"^+-+"^(:e) 

are exactly the points of the orbit segment x, g{x), . . . , g^^^ {x) which belong to K^. 
Write 

\\A^{Dg^)\\<W{Dg',})\\ W{Dg^l)\\ ••• || AP(I)<7.";)|| W{Dg^]^;)l 
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Using item (v) of lemma 4.14, and our choice of = H6 ^, we get 

log \\APiDg^)\\ < fciC + (m + • • • + nj){i6 + 26) + 

< 6HC + N{i6 + 26) < N{6C6 + i6 + 26), 

as claimed. □ 

We also use that G covers most of U D r*(/, m), as asserted by the next lemma. 
Let us postpone the proof of this lemma for a while. 



Lemma 4.16. Let 7 = 6'^/[iH) in lemma Then fi{U U r;(/, m) \ G) < 126. 



Continuing with the proof of proposition 4.8, write i^{x) = log ||A^(D(7^)||. 



Since g leaves invariant the set Tp{f,m), proposition |2.2| gives 

/ Ma) < I ^■ 

We split the integral on the right hand side as 

JTp{f,m) Jrp(/,m)\(C/ur»,(/,m)) J {(7ur» (/,m))\G JG 

= (I) + (II) + (III). 

Outside U, g equals / and so ip equals log ||AP(D/^)||. Thus 

(I)</ . llog||AW'^)ll<<^+ / „ 0, 



by (U). By lemma |4l| and (PD, n{{U U r^(/, m)) \ G) < 136. Since V < C, we 



have (II) < 13C6. Using lemma ET 



(III) = V / i>< V(i(5 + (6G + 2)6)n{G') < (6G + 3)5 + V(f - 1)6^(0'). 

i=l i=i i=i 

Since (j) > {i — 1)6 inside D G*, we have 

(III) < (6G + 3)6+ [ cj). 

Summing the three terms, we get the conclusion of proposition |4.8| (replace 6 with 
6/{18C + 4) throughout the arguments): 



/ Ap{g) < (18G + A)6+ f 

Jr„(f,m) JTr. 



This completes the proof of the proposition, modulo proving lemma 4.16| . □ 
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Step 4: Proof of lemma i.lt. 

The following observations will be useful in the proof: If X C M is a measurable 
set and N eN, then 



N-l 



//( U g-^{X))<^,{X) + {N-l)f,{g-HX)-^X). 

Moreover, i^{g-\X) \ X) = fi{X \ g-\X)). 
Proof of lemma We shall prove first that 

Since Q' C Z\ we have \ G' C Q' n [jf^Q^ g-^{M \ K^). Substituting 



(4.15) 



(4.16) 



M\K' ciU'\ K') U (Q* \ U') U {Q' \ Q'O U (M \ 



we obtain 



Af-l Af-1 N-l 

\ C U \ K*) U U \ f/*) U U 5"' \ Q') 

j=0 j=0 j=Q 

N-l 

Q'n\J g-^M-^Q' 



U 



(I) U (II) U (III) U (IV). 



Let us bound the measure of each of these sets. The second one is easy: by 
lemma 4.14| (ii) and our choices 7 = 6'^/£H and = H/5, 

< Nfi{Q' \ U') < 2N-/fi{Z') < 6fi{Z'). 

The other terms are more delicate. 

The set Xi = [/* \ is a g-castle whose towers have heights at least H. Hence 
its base, which contains Xi \ g{Xi), measures at most ■^/i(Xi). By ( [4.15 ), we get 

/.(I)< (l + ^)/i(Xi)<2<^-V(^i)- 



By lemma p^(iii), we have ^i{Xi) < 2Kfi{Z') = 25'^n{Z'). So, /x(I) < A6fi{Z'). 

Let X3 = Q\ By lemma |1| and (|]|), we have n^Xs) < 5'^fi{Zi). Since / 
and g differ only in U, we have 

g{Xs) \ c [/(X3) \ Xs] u 5(^3 nu) = (V) U (VI). 

Since X^ is an /-castle whose towers have heights of at least 3H, 

MV) = /i(X3 \ /(Xs)) < ^M^a)- 
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Since X^nU C Uki^^ \ Q''), lemma pl(ii) g ives ;u(VI) < 2i-ffi{Z'). Combining 
the estimates of /i(V), /x(VI), fJ-iX^) with ( 4.15|) and the definitions of and 7, 



/z(III) < fi{X,) + iV(^_^(X3) + 2^7^(Z*) 



We also have 



N-l N-1 

(IV) = X n 9~'m c u {a'-'m \ 9''m) 

In particular, //(IV) < (iV - 1)m(Q^ \ 9'\Q')). Notice that \ g-^Q') C Ufc[/^ 
(since is /-invariant). Therefore 

Q' \ 9~\Q') c [Q' n Ufe^if/'^] u [U' \ 5-^(Q*)] = (Vll) u (Vlll). 

Combining 

(VII) C |J(?7'= \ Q^) C □([/'= \ Q'') 

with lemma p^(ii) we obtain /i(VII) < 2(£ - l)7/i(Z^). Using that c/(C/^) = f{U^) 
and = f{Q^), we also get 

/i(VIII) = is{g{W) \ Q^) = /x(?7' \ Q') < fi{U' \ Q') < 2jn{Z'). 

Altogether, /x(Q* \ g-^iQ')) < 2i-ffi{Z') and ^(IV) < 2Nijfj.{Qi) < 25n{Zi). 
Summing the four parts, we obtain ( [4.161 ). Now 

fi{u u r;(/, m) \ G) < ^(r;(/, m) \ q) + ^(t/ \ q) + /^(Q \ g) 

= ^(IX)+^(X) + /i(XI). 
Using (|4.9|) , lemma 4.14 , and ([4.16|) , respectively, we get 
^(IX) < KZ' \ Q*) <d^ <d, 

i 

//(X) < ^(C/ \ Q) < /i(C/^ \ Q') < 27 < 5, 

i 

/i(XI) < fi{Q' \G) < WS. 



Summing the three parts, we conclude the proof of lemma |4.16 



□ 
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4.3 End of the proof of theorems ^ and |2| 

We give an explicit lower bound for the discontinuity "jump" of the semi-continuous 
function LEp(-). Denote, for each p = 1, . . . ,d, 

Tff^ f Ap(/,a:) - Ap+i(/,x) 
Jrp(/,oo) ^ 

Proposition 4.17. Given f G Diff^(M) and p G {!,••• ,d — 1}, and given any 
eo > and 6 > 0, there exists a diffeomorphism g G L{{f,eo) such that 

Ap{g, x) dfi{x) < / Ap(/, x) dn{x) - Jp{ f) + 5. 

M J M 



Proof. Let /, eo and 6 be as in the statement. Using proposition 4.8, we find 
m G N and g £ U{f, Eq) such that g = f outside Tp{f, m) and 



/ Ap{g) <S + 

JTp{f,m) JTp{f,m) 



Ap_l(/)+Ap+l(/) 



Then 



Ap{g) = Ap(5) + / Ap{g) 

Since rp(/, oo) C Tp{f,m), and the integrand is non-negative, 
/■ ^ ,n Ap_i(/) + Ap+i(/)- 



2 



'rp(/,m) 



'rp(/,oo) 

Therefore, the previous inequality implies 



/ Ap(g)<<5-Jp(/)+ / Apif), 

JM Jm 



as we wanted to prove. □ 
Theorem |2| follows easily from proposition 4.17 : 



Proof of theorem ^. Let / G Diff^(M) be a point of continuity of LEp(-) for all 
p = 1, . . . ,d — l. Then Jp{f) = for every p. This means that Ap(/, x) = Ap+i(/, x) 
for almost every x G rp(/, oo). Let x G M be an Oseledets regular point. If all 
Lyapunov exponents of / at x vanish, there is nothing to prove. Otherwise, for any 
p such that Xp{f,x) > Xp^i{f,x), the point x ^ rp(/, oo) (except for a zero measure 
set of x) . This means that x G 'Dp{f, m) for some m: there is a dominated splitting 
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of indexp, Tfn^M = En(£)Fn, n ^'L along the orbit of x. Clearly, domination implies 
that En is the sum of the Oseledets subspaces of /, at the point /"x, associated 
to the Lyapunov exponents Ai(/, x), . . . , Xp{f,x), and F„ is the sum of the spaces 
associated to the other exponents. Since this holds whenever Xp{f,x) is bigger than 
Ap_(_i(/, x), it proves that the Oseledets splitting is dominated at x. □ 

Theorem |l] is an immediate consequence: 

Proof of theorem ||. The function / i-^ LEj(/) is semi-continuous for every j = 
1, . . . ,d — 1, see section 2.1.3 . Hence, there exists a residual subset TZ of Diff^(M) 



such that any / G 7^ is a point of continuity for / (LEi(/), . . . ,LEd-i{f)). By 
theorem ^, every point of continuity satisfies the conclusion of theorem |l|. □ 



5 Consequences of non-dominance for symplectic maps 



Here we prove a symplectic analogue of proposition 3.1: 



Proposition 5.1. Given f G Sympl^J;, (M) , eo > and < k < 1, if m & 'N is large 
enough then the following holds: 

Let y & M be a non-periodic point and suppose we are given a non-trivial splitting 
TyM = E (B F into two Lagrangian spaces such that 



WDf:; 



1 

> -. 

- 2 



(5.1) 



Then there exists a (eoi n)-realizable sequence {Lq, . . . , L„i~i} at y of length m and 
there are non-zero vector v £ E, w £ Df^{F) such that Lm-i ■ ■ ■ Lq{v) = w. 

Remark 5.2. The hypothesis that E and F are Lagrangian subspaces in proposi- 
tion ^.1| is the sole reason why theorem ^ is weaker than what is stated in Q. 

that 



In subsections and |5.2| we prove two results, namely, lemmas |5.3| and |5.^ 
are used in subsection ^3 to prove proposition 5.1. In section ^ we prove theorems | 
and H using proposition 5.1. 



5.1 Symplectic realizable sequences of length 1 

First, we recall some elementary facts: Let (•,•) denote the usual hermitian inner 
product in C. Up to identification of with M^*^, the standard inner product in 
M^'' is Re(-, •) and the standard symplectic form in R-^"? is Im(-, •). The unitary group 
U(g) is subgroup of GL{q, C) formed by the linear maps that preserve the hermitian 
product. Viewing R G ^{q) as a map R : M^'^ M^'^, then R is both symplectic and 
orthogonal. 

If R : TxM ^ TxM is a tij-preserving linear map, we shall call R unitary if it 
preserves the inner product in T^M induced from the Euclidean inner product in 
R^'^ by the chart ^Pi(^x) (recall subsection |2.5|). 

The next lemma constructs realizable sequences of length 1: 
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Lemma 5.3. Given f G Sympl;|^(M), eq > 0, k > 0, there exists e > with 
the following properties: Suppose we are given a non-periodic point x E M and 
an unitary map R : T^M T^M with \\R — I\\ < e. Then {DfxR} is an {eo,K)- 
realizable sequence of length 1 at the point x and {RDff-i(^^-^} is an {eq, K)-realizahle 
sequence of length 1 at the point f~^x. 

We need the following elementary lemma, whose proof is left to the reader: 



Lemma 5.4. Let H : M be a smooth function such that the corresponding 

Hamiltonian flow : M^"^ R^*^ is globally defined for every t G M. Let r : M — > M 
be a smooth function and let ip be a primitive of t. Define H = ip o H . Then the 
Hamiltonian flow ((^*) of H is globally defined and it is given by (p^{x) = ip'^^^^^^^^{x). 

If -R G U(9) then all its eigenvalues belong to the unit circle in C. Moreover, 
there exists an orthonormal basis of C formed by eigenvectors of -R. If J C M is 
an interval, we define Sj as the set of matrices R G U((/) whose eigenvalues can be 
written as e*^^, . . . , e*^', with all 9}^ G J. There is Co > 0, depending only on g, such 
that if e > and R G S'(_£^£) then — I\\ < CqE. It is convenient to consider first 
the case where the arguments of the eigenvalues of R have all the same sign: 

Lemma 5.5. Given eq > and < cr < 1, there exists e > with the following 
properties: Given R G 5'(_£^o) U 'S'(o,e)> there exists a bounded open set U C M^'' such 
that aU C U, and there exists a symplectomorphism h : M?'^ M?'^ such that 

(i) h{z) = z for every z ^ U and h(z) = R{z) for every z G all; 

(a) \\Dhz — I\\ < Eq for all z G 



Proof of lemma |5. dj . Let eq and a be given. Let e > be a small number, to 
be specified later. Take R G '5(0, e): the other possibility is tackled in a similar 
way. Let {vi, . . . , Vq} be an orthonormal basis of eigenvectors of R, with associated 
eigenvalues e*^^,... ,e*^«, and all < < e. Up to replacing R with SRS~^, 
for some S G U(g), we may assume that the basis {vi, . . . ,Vq} coincides with the 
standard basis of C^. Therefore R assumes the form 

R{ZI,... ,Zq) = {e'^^zi,... ,e''^Zq) 

Let i7 : ^ M be given by H{z) = \ ^fekfeP- Then R is the time 1 map of the 
Hamiltonian flow of H. Besides, there is Ci = Ci{q) such that 

\\z\\\\DH^\\<CiH[z) forahzGC^. (5.2) 

Let r : M ^ M be a smooth function such that r(s) = 1 for s < a^, r(t) = 
for t > 1, and < -T'{t) < 2/(1 - a^) for all t. Let V(s) = fQT{u)du and let 
H = ip o H . By lemma p.4| , the time 1 map h of the Hamiltonian flow of H is 

Then h{z) = R{z) if H[z) < cr^ and h{z) = z if H{z) > 1. Moreover, a direct 
calculation and ( |5.2D give 

\\Dh, - L\\ < C2e(l - 0-2)"^ + e for every z £ with H{z) < 1, 
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where C2 = C2{q)- Take e = £{£q,(t) such that the right hand side is less than eo- 
Since H is definite positive, the set U = {z £ C^; H{z) < 1} is bounded. □ 



Remark 5.6. We may assume that the set U in lemma p.5| has arbitrarily small 
diameter. Indeed, if a > then we may replace U with U = aU and h with 
h{z) = ah{a~^z). Notice Dhz = Dh^-i^, so /i is a symplectomorphism and satisfies 
property (ii) of the lemma. 

Lemma 5.7. Given Eq > and < cr < 1, there exists e > with the following 
properties: Given R G S'(_£^£), there exists a bounded open set U C M^'^ such that 
all C U, a measurable set K C U with vol([/ \ K) < 3(1 — a'^)Yol{U), and a 
symplectomorphism h : M^"^ M^'^ such that 

(i) h{z) = z for every z and Dh^ = R for every z £ K; 

(ii) \\Dhz - I\\ < eo for all z G M^g^ 

Proof. Any R G can be written as a product R = with i?+ G ^(o^e) 

and ii_ G 5'(_£ 0)7 fact we may take i?+ and i?_ with the same eigenbasis as 



R. Applying lemma |5^ to R±, with eo replaced by eo/2, we obtain sets U± and 
symplectomorphisms h± . Let U = [/_)_ . Consider the family of all sets of the form 
aU- + b, with a > and b G M^"^, that are contained in U . This is a Vitali covering of 
U , so we may find a finite number of disjoint sets Ul_ = aiU- + bi £ J- that cover U 
except for a set of volume (1 — a'^) \o\{U). Using lemma 5.5 and remark |5.6|, for each 



i we find a symplectomorphism such that = id outside Ul_ and D{h'^J)z = R- 
for z £ Ki = aicrU- + bi, and D(h^_)z is uniformly close to /. Let K = (crU) D UiK^. 
Define h = hj^ o h^_ inside each f/l, and h = hj^ outside. Then K and h have the 
desired properties. □ 



Proof of lemma 5^. Given eo and k, choose a close to 1 so that 3(1 — 



Remark ^.6| also applies to lemma pj: the set U may be taken with arbitrarily 



small diameter. Using lemma 2.13 , we conclude that the sequences {DfxR} and 



are (eo, K)-realizable as stated. □ 
5.2 Symplectic nested rotations 



In this subsection we prove an analogue of lemma 3.3 for symplectic maps: 



Lemma 5.8. Given f G Sympli(M), eo > 0, k > 0, > 1, and < 7 < 7r/2, there 
exists f3 > with the following properties: Suppose we are given a non-periodic point 
X G M , an iterate n G N, and a two-dimensional symplectic subspace Yq C TxM 
such that: 

. ||D/J|yJ|/m(Z)/J|yJ < for every j = l,... ,n; 

• <{Xj, Yj) > 7 for each j = 0, . . . , n — 1 where Xq = Yq , Xj = Dfx{Xo), and 
Yj=Dfi{Yo). 
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Let 6*0,... ,On-i G [— /3, /3] and let Sq,... , : Yq ^ Yq be the rotations of the 
plane Yq by angles Oq, ■ ■ ■ , On-i- Let linear maps 

he defined by Lj{v) = Dfp(^^-^{v) for v € Xj and Lj{w) = {Dfi'^^) ■ Sj ■ {D fi)~^{w) 
for w €Yj. Then {Lq, . . . , L„_i} is an (eo, K)-realizahle sequence of length n at the 
point X. 



We begin by proving a perturbation lemma that corresponds to lemma 3.4: 



Lemma 5.9. Given £q > Q and < o" < 1, there is £ > with the following 
properties: Suppose we are given: a splitting M^'' = X Q)Y with dimy = 2, X^ = Y 
and X J-Y , an ellipsoid A G X centered at the origin, and a unitary map R G V{q) 
with R\x = I and \\R — I\\ < e. 

Then there exists r > 1 such that the following holds. Let B be the unit ball in Y . 
For a, b > consider the cylinder C = Cafi = aA ®bB. If a > rb and diamC < 
then there is a symplectomorphism h : M^'' M?'^ satisfying: 

(i) h{z) = z for every z ^ C and h{z) = R{z) for every z £ aC; 

(a) \\h{z) - z\\ < £0 and \\Dhz - I\\ < Sq for all z G M^''. 

Remark 5.10. li H : M?'^ M is a smooth function with bounded and 

then the associated Hamiltonian flow : M?'^ — > M?'^ is defined for every time t G M, 

and 

y\z) - z\\ < \t\ sup \\DH\\, \\{Dip^), - I\\ < exp(|t| sup \\D'^H\\) - 1. 
for every z G M^'' and t G M. 



Proof of lemma S.L Given eq and a, let 



K = 10(1 - cr)-2 + 20(7^^1 - a)-^ + 30(1 - a)-^ + 3. 

Fix t > such that e^^ — 1 < Eq , and let e > be such that e < \/2 sint. Let X, 
Y, A, B, and R be as in the statement. Let A : X ^ X he a linear map such that 
A{A) is the unit ball in X. We define r = ||^||. 

Let H : M^'^ ^ M be defined by H{x,y) = LI{y) = where {x,y) are 

coordinates with respect to the splitting X (BY . The Hamiltonian flow of if is a 
linear flow {Rt)t, where Rt is a rotation of angle t in the plane Y, with axis X. In 
particular, \\Rt — I\\ = \/2 | sint| and there exists to with |to| < t such that Rt^ = R. 

Take numbers a, b > such that a/b > t and the cylinder C = a A © bB has 
diameter less than eq. We are going to construct another Hamiltonian H which is 
equal to H inside aC and constant outside C. The symplectomorphism h will be 
deflned as the time to of the Hamiltonian flow associated to H. 

For this we need a few auxiliary functions. Let C : M ^ [0, 1] be a smooth 
function such that: 
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• C{t) = 1 for t < o- and ((t) = for t > 1; 

. \C'it)\ < 10/(1 - a) and |C"(t)| < 10/(1 - a)^. 

Leti^-.X^ [0, 1] be defined by ^(x) = C(a"^||2;||), and V : ^ ^ [0, 1] be defined 
hy = ip o A. It is clear that 

Tpi^x) = 1 for X G aaA and ijj{x) = for x ^ aA. (5-3) 

We estimate tlie derivatives: 



Dipxiv) = a C, ia \\x 

"' \\x 

^2 J. / . „..\ „-2a/// -1 



{x,v){x,w) _iC'(« ^Ikll) ( I \ {x,v){x,w) 



||x|| \ ||x 
Since |C'(a~^ ||x||)|/||x|| < 10a(l — (t)^^cj^^, we get the bounds 

\\Di;\\<l{){l-a)-^a-^ and \\D'^i^\\ < [lO(l - fT)-^ + 20fT~i(l - ^t)-^] a^^. 
Moreover, 

< \\A\\ \\D{p.,\\ and pVxIl < \\Af\\D^.,\\ 

Now define p : M — > M by p{t) = Jq (" and then let (/> : y ^ M be given by 
cl){y) = ^b^p{b-^y\\y. Then 

(/)(?/) = i/(y) for y e ahB and 0(y) = c for y ^ bB, (5.4) 

where < c < is a constant. The first and second derivatives of 4> are: 

-i\\„.\\\jtu-u\..\\\ (y^^) 



D^y{v)=bp{b-'\\y\\)p'{b 

\\y\\ 

D%{v,w) = [p'{b-%\\f + pib-%\\)p"{b-%\\)]^-l^ + 



b^r"' — wT 

Since \p\ < 1, < 1, \p"\ < 10(1 - a)-\ and |p'(6"^ ||y||)|/||y|| < we have 
||L»(/.||<6 and ||L>V|| < 3 + 10(1 -ct)-^ 
Define ^ : M^? ^ M by F(x, y) = c - 'tp{x){c - (/>(y)). Then, by and 
X E (TO^ and y G (t6S =^ H{x, y) = H{y), 

(5.5) 

X ^ or y ^ bB ^ H{x, y) = c. 

The derivatives of H are (write v = Vx + Vy £ X (BY and analogously for w) 

DH(^x,y){v) = -(c - (p{y))D'ipx{vx) + V(a;)^</'y(^^s/), 
D'^Hi^x,y){v,w) = -(c - (j){y))D^ipx{vx,Wx) + Dtpx{vx)D(j)y{wy) + 

Dll)x{Wx)D4)y{Vy) +ll){x)D'^4>y{Vy,Wy). 
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Using the previous bounds we obtain 



\\D^H\\ < [10(1 - a)-^ + 20a-\l - a)-^] \\Afib/af + 

20(1 - ay^WAWib/a) + 3 + 10(1 - a)'^. 

Since a/b > ||^||, we conclude that < K. 

Take /i : M^^ ^ M^g ^j^g ^-^^^ 

map of the Hamiltonian flow associated 
to H. Property (i) in the lemma follows from (|5.5|). Since diamC < Eq, we have 



z) — z\\ < Eq for all z. And, by remark 5.10 , HD/i^ — /|| < e^°^ — 1 < e*^ — 1 < Eq 



proving (ii) and the lemma. □ 

An ellipse B contained in a 2-dimensional symplectic subspace Y C M?'^ and 
centered at the origin has eccentricity E if it is the image of the unit ball under a 
linear transformation B : Y ^ Y with ||i?||/m(l?) = E"^. If a map R : Y ^ Y 
preserves the ellipse i3, then B~^RB is a rotation of the plane Y of some angle 9. 
In this case we say that R rotates the ellipse B through angle 9. 



The following statement is a more flexible version of lemma 5.9. In fact, it follows 



from lemma 5.9 just by a change of the inner product. 



Lemma 5.11. Given eq > 0, < o" < 1, 7 > and E > 1, there is [3 > with the 
following properties: Suppose we are given: 

• a splitting M^? = ^ F with dimF = 2, X'^ =Y and <{X, Y) > 7; 

• an ellipsoid A C X centered at the origin; 

• an ellipse B CY centered at the origin and with eccentricity at most E; 

• a map R : Y ^ Y that rotates B through angle 9, with \9\ < (3. 

Then there exists r > 1 such that the following holds. Let R : M?'^ M?'^ be the 
linear map defined by R{v) = v if v £ X and R{w) = R(w) if w £ Y . For a,b > 
consider the cylinder C = Ca^b = clA(B bB. If a > rb and diamC < £q then there is 
a symplectomorphism h : M?'^ M?'^ satisfying: 

(i) h{z) = z for every z ^ C and h{z) = R{z) for every z £ aC; 

(ii) \\h{z) — z\\ < Eq and \\Dhz — I\\ < Eq for all z E 



Now lemma |5.8| is proved in the same way as we proved lemma p.3|, using lem- 
mas |5.11 and |3.5| instead. The argument is even a bit simpler since no truncation 
(like in lemma [3.6] ) is necessary, as we assume that the angles <{Xj, Yj) are bounded 
from zero. The details are left to the reader. 



5.3 Proof of proposition 5.1 



We use the following lemma, which will also be needed in section |^: 

Lemma 5.12. Let G C GL{d, M) be a closed group which acts transitively in M.P'^^^. 
Then for every Ei > there exists a > such that ifvi, V2 £ K'' satisfy <{vi, V2) < a 
then there exists R £ G such that — /|| < ei and R(Mvi) = Mv2- 
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Proof. For 5 > 0, let Us = {R; R£ G, \\R-I\\ < 6}. Given e > 0, fix 5 > such that 
if i?2 S Us then i?2-R]~^ G C/ei- The hypothesis on the group imphes that for any 
w G RP'^"^, the map G — > MP*^"-^ given by A i— > A{w) is open (this follows from |11 



Theorem II.3.2]). Therefore, for any 6 > 0, the set Us{w) = {Rw; R G Us} is an 
open neighborhood of w. Cover MP*^"^ by some finite union Us{wi) U • • • U Us{wk)- 
Now take two directions vi, V2 G MP'^^-'^ sufficiently close. Then both belong to 
some Us^Wi), and so there are -Ri, R2 G Us such that vi = RiWi and V2 = R2Wi- 
Therefore R = R2Ri^ belongs to U^^ and Rvi = V2- □ 



Proof. Let f,eo,K be given. Fix < k' < ^k. Let e > 0, depending on /, eq , k', 



be given by lemma 5.3. Let a > 0, depending on ei = e and G = U(g), be given by 
lemma 5.12. Take K satisfying K > (sina)~^ and K > max^; \\Dfx\\/ioa.{Dfx). Let 



E > 1 and 7 > be given by 



= 8C^K{sma)-^ and sin-f = ^G'^^' 



where G^^ is as in ( |2.4| ). Let /3 > be given by lemma |5.8| . Finally, let m > 2-it/P. 
The proof is divided into three cases. 

First case: Suppose that there exists i G {0, 1, . . . , m} such that 

<{E^,Fe)<a. (5.6) 
Fix i as above and take unit vectors ^ G E^, r] £ Fi such that <{C,'n) < ck- By 



lemma 5.12, there exists a unitary transformation R : T^if^y-^M Tjt^^y^M such 
that \\R — I\\ < £ and R{£,) = r]. By lemma |5.3| , the sequences {Df^tf^^-^ R} and 
{RDfjr£^i(^x^} are (k', eo)-realizable. Define {Lq, . . . Lm-i} as 

{Dfy,... ,Dffi-^y^,Dffi^y^R,Dffe+l^y-^,... , D f f m - 1 f^y^] 

if i < m and as {Dfy,... ,Dfjm~2^y-^,RDfjm-i^y-^} if i = m. In either case, this is 
a (k, eo)-realizable sequence of length m at y, whose product Lm-i • • • Lq sends the 
direction RDf~'^{^) C Eq to the direction RDf"'-'^{rj) C F^. 

Second case: Assume that there exist k,i £ {0, . . . , m} with k < i and 

J^^Si^ > (5.7) 
n.(0/;4,lEj 

The proof of this case is easily adapted from the second case in the proof of propo- 



sition 3.1. We leave the details to the reader. 



Third case: We suppose that we are not in the previous cases, that is, 

for every j G {0, 1, . . . , m}, <{Ej,Fj) > a. (5.8) 
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and 



for every i,j € {0,... , m} with i < j, < K. (5.9) 



By ( |5.8D and lemma 2.3, we have, for all i,j € {0, . . . ,m} with i < j, 

C-^sina < in{Df-%J \\Df-%\\ < Cl{sma)-\ (5.10) 

This, together with (|5.9| ), gives 

m{Df~%J > Cz'K-'/\s\naf/\ (5.11) 

\\DP-^fA < C^K^'\s\na)-^l\ (5.12) 



Also, by ( 5.10 ) and the main assumption (5.1), 

^[OrU,) < 2i/2C^(sina)-i/2, (5.13) 
\\Dr\Fj>2-'/^C-\s\naf'\ (5.14) 

Let VQ G Eq be such that ||?;o|| = 1 and \\Df]^{vQ)\\ = m{Df^\E^). Using 
lemma 2^.1, take wq G Fq with ||?yo|| = 1 such that \uj{vq^wo)\ > Cj^sina. Let 
Go = £^0 n w^o and Ho = FQf^v'^. (By we mean (Mu)'^.) Let = Go © i^o and 
Yq = ^vq © m.WQ. Then Xq = Fg^. Let, for j = 1, . . . , m, 

t;,- = DP{vo)/\\DP{vo)l Gj = DP{Go), Xj = DP{Xo), 
wj = Df{wo)/\\Df{wo)\\, H, = Df{Ho), Y, = Df{Yo) 

(all the derivatives are at y). By ( p.5D , 

G-^sina < \u;ivo,wo)\ = \u;iDrvo, Drwo)\ < CJ\Drvo\\ \\Drwo\\. 

Thus WDf^woW > Gj^sina • m(i:>/"%J-i and, using (|5loD , 

||W™w^o||>Cj^sin2a-||I)/-|i.J| (5.15) 

that is, tfo is "almost" the most expanded vector by Df"^ in Fq. By ( ^.1]) and ( ^.15]) , 

II ^ ^ n- > L'w sm a — , ^ "| — - > ttC,^, sm a. 

\\Df ^voW - " m(Z)/™bJ - 2 - 

This and ( ^.91) imply that, for each j = 1, . . . ,m, 

- ||I)pt;o|| - \\Drv,\\/Tn{Df---^E,) " =^ " 
Therefore, using ( ^.Sj ) and lemma [ 

< 8G^K(sin a)-^ = S^. (5.16) 



m(i?p-|y„) 
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We now deduce some angle estimates. First, we claim that 

sin<(uo,G'o) > Cj^sina and sm<{wo, Hq) > Cj^sina. (5-17) 
Indeed, write vq = u + u' with u' £ Gq and u J- Gq. Since Go is skew-orthogonal to 

Wo, 

Cj^sina < \uj{vo,wo)\ = \lj{u,wo)\ < C^||n||. 

That is, sin<(i;o,Go) = ||ii|| > C~^sina. Analogously we prove the other inequality 
in ( ^.17 ). Next, we estimate sm<{vj,Gj) and sm<{wj, Hj) for j = 1, . . . ,m. For 
this we use relation ( p. 61) from subsection |2.4| , which gives: 



(5.18) 
(5.19) 



sin<(t;„G,) > ^^^i£I^sm<{vo,Go), 
1 1 D HJ 1 1 

sin < {wj ,Hj) > II ^ ^.^ — - sin < {wo ,Ho). 



\\DP\fo 



By (|llD and 

\\Df vol 



for each j = 1, . . . , m. So, using ( 5.11D again. 



WDfvol 



< 2^/2c3^(sina)- 



-3/2 



This, together with ( 5.17 ) and (|5.1S| ), gives 

sin <{vj,Gj) > 2-^^^C-^K-\smaf/^. 
Similarly, by (|5l5|) , (|1|), and (|5l4|) , 



(5.20) 



\\Df^~^Wj 



> C„,^sin^ a 



\\DnFo\ 

\\Df 



m-j 



> 2-'/^G-'K~'/^ 



sm a. 



Fo\ 



Then, using ( ^.121 ) again, 

\\DPwo\ 



> 2-^/'^G-'^K-\sma) 



7/2 



II^PVol 
By ( |5T7D and ( p9| ), 

sm<{wj,Hj) > 2-i/2c-9^-i(sina)9/2^ (5 2i) 

Now we use lemma |2.6| three times: 

sin <(Yj,Xj) > sin <{vj, Xj ) sin <{wj, Mwj © Xj ) 

> sin <{vj, Gj ) sin <{Ej, Hj ) sin < ( , Mt)j © ) 

> sin < {vj , Gj ) sin <{wj, Hj ) sin <{Ej, Hj ) ^ 
So, using ( 5.20D , ( |5.21| ), and <{Ej,Hj) > a, we obtain 

sin<(Xj,yj) > iGj^^i^-^ sin^ a = sin7. (5.22) 

Relations ( ^.161) and ( |5.22D permit us to apply lemma 5^. Since m/? > 27r, it is 
possible to choose numbers Oo, ■ ■ ■ , 6m-i such that < Oj < P and ^ 9j = <{vo,wo)- 
Let Sj and Lj be as in lemma 5^, We have Lm-i • ■ ■ LqIyq = (-D/'"|yQ)5m-i • • • 5*0, 
so Lm-i ■ • •Lo(Muo 



M.Wm- This completes the proof of proposition p7 



□ 
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6 Proof of theorems |^ and g 

Given / € DiSj^{M) and m G N, let 'D{f,m) be the (closed) set of points x such 
that there is a m-dominated splitting of index q = d/2 along the orbit of x. Let 
r(/, m) = M \ m) and let r*(/, m) be the set of points x G r(/, m) which are 
regular, not periodic and satisfy \g{f,x) > 0. Let also r(/, oo) = f]^^T{f,m). 



We have the following symplectic analogues of propositions |4.8| and 4.17 : 

Proposition 6.1. Let f € Sympl^(M), eq > 0, 5 > 0, and < k < 1. If m £ N is 

sufficiently large, then there exists a measurable function N : r*(/, m) N such that 
for a.e. x € T*{f,m) and every n > N{x) there exists a (eq, n) -realizable sequence 
{Lq, . . . , Ln-i} at X of length n such that 

^logllA-^lL^.i-.-Lo)!! < Ag_i(/,x)+5. 

Proposition 6.2. Let f e Sympl^(M), > and 5 > 0. Then there exist m E N 
and a diffeomorphism g G U{f,eo) that equals f outside the open set T{f,m) and 
such that 



Aq{g,x)dfi{x) < 6 + Aq^i{f,x)dfi{x). 
r(/,m) Jr{f,m) 



Proposition 6.3. Given f G Symplj^(M), let 



J{f)= / Xq{f,x)dix{x). 

Jr{f,oo) 

Then for every Eq > and 6 > 0, there exists a diffeomorphism g G U{f, Eq) such 
that 

/ Aq{g,x)dfi{x) < Ag{f,x)dfi{x)- J{f) + 6. 
Jm Jm 

The proofs of these propositions are exactly the same as those of the correspond- 
ing results in section ^, in the following logical order: 



proposition hA\ proposition 6.1 proposition proposition 6.3. 



Concerning the first implication, notice that if x G r*(/, m) then, by lemma 2A, the 



spaces and (that correspond to positive and negative Lyapunov exponents) 



are Lagrangian, so proposition 5.1 applies. 



6.1 Conclusion of the proof of theorems |^ and |^ 

Proof of theorem | . Let / G Sympl^(M) be a point of continuity of the map LEg(-). 
By proposition 6^, J(/) = 0, that is, Xq{f,x) = for a.e. x G r(/, oo). Let x G M 
be a regular point. If Xq{f,x) > 0, we have (if we exclude a zero measure set of x) 
X ^ r(/, oo). This means that there is a dominated splitting, Tfn^^^^M = En® En-, 
n G Z of index q, along the orbit of x. Then En is the sum of the Oseledets spaces 
of /, at the point /"x, associated to the Lyapunov exponents Ai(/, x), ... , Ag(/, x), 
and Fn is the sum of the spaces associated to the other exponents. By part 2 of 



lemma |2.4| , the splitting Tjn(-j,)M = En © i^nj n G Z is hyperbolic. □ 
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The next proposition is used to deduce theorem ^ from theorem ^. 

Proposition 6.4. There is a residual subset TZ2 C Sympl^(M) such that if f G 7^2 
then either f is Anosov or every hyperbolic set of f has measure 0. 

Proof. This is a modification of an argument from We use the fact, proved 

in [p^ j, that diffeomorphisms are dense in the space Sympl^(M). Another key 
ingredient is that the hyperbohc sets of any non-Anosov diffeomorphism have 
zero measure. We comment on the latter near the end. 

For each open set U C M with U ^ M and each / E Diff^(M), consider the 
maximal /-invariant set inside U, 

For £ > 0, let D{e,U) be the set of diffeomorphisms / G Sympl^(M) such that at 
least one of the following properties is satisfied: 

(i) There is a neighborhood U oi f such that Ag([/) is not hyperbolic for all g £ U; 

(ii) i^{Af{U)) < 8. 

Clearly, the set D{e, U) is open. Moreover, it is dense. Indeed, if / does not satisfy 
(i) then there is g close to / such that Ag{U) is hyperbolic. Take /i € close to g 
in SympljJ;, (M) . Then Ajj(f7) is hyperbolic with measure zero, and so /i G D[e, U). 
This proves denseness. Hence the set 

D{U) = ne>oD{e,U) D {/ E Sympli(M); Af{U) is hyperbolic /i(Aj(C/)) = 0} 

is residual. Now take B a countable basis of open sets of M and let B be the set of 
all finite unions of sets in B. The set 

7^2 = n ^(f^) 

is residual in Sympl^(M) and the hyperbolic sets for every non-Anosov / G 7^ have 
zero measure. 

Finally, we explain why all hyperbolic sets of a C"^ non-Anosov diffeomorphism 
have zero measure. This is well-known for hyperbolic basic sets, see [^. We just 
outline the arguments in the general case. Suppose / has a hyperbolic set A with 
^(A) > 0. Using absolute continuity of the unstable lamination, we get that 
fJ-uiWsix) n A) > for some x E A, where fiu denotes Lebesgue measure along 
unstable manifolds. By bounded distortion and a density point argument, we find 
points Xfc E A such that /^^(^^^(xfc) \ A) converges to zero. Taking an accumulation 
point xo we get that W^{xo) C A. We may suppose that every point of A is in the 
support of fi\A. In particular, there are recurrent points of A close to xq. Apply- 
ing the shadowing lemma, we find a hyperbolic periodic point pq close to xq. In 
particular, W^{po) intersects W^{xq) transversely. Using the A-lemma we conclude 
that the whole W'^{pq) is contained in A. Define Aq as the closure of the unstable 
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manifold of the orbit of pq. This is a hyperbohc set contained in A, and it consists 
of entire unstable manifolds. Hence, W^{Ao) is an open neighborhood of Aq. Using 
that / preserves volume, we check that /(PFjf(Ao)) = VF^ (Aq). This implies that 
W^{Ao) = Aq and so, by connectedness, Aq must be the whole M. Consequently, / 
is Anosov. □ 

Proof of theorem It suffices to take TZ = TZi H 7^2 with TZi a residual set of conti- 



nuity points of / LEq(/), and 7^2 as in proposition |6.4 D 



7 Proof of theorem ^ 

Let M be a compact Hausdorff space, fi a Borel regular measure and f : M ^ M 
a homeomorphism preserving the measure fi. Let also G C GL((i, M) be a closed 
group which acts transitively on MP'^"^. 



The following result provides an analogue of proposition 3.1: 

Proposition 7.1. Given A G G{M,G) and e > 0, if m £ N is large enough then 
the following holds: 

Let y £ M be a non-periodic point and suppose it is given a non-trivial splitting 
R'^ = EeF such that 



Then there exists, for each j = 0, 1,... ,m— 1, some Lj G G with \\Lj—A(f^y)\\ < eq, 
and there are non-zero vectors v G E and w G A^{y){F) with Lm-i ■ ■ ■ Lq{v) = w . 

Proof. Let ei = ||A||^^e, where ||^||oo = ^^Vx&M 11^(^)11- Let a > 0, depending on 
ei, be given by lemma 5.12| . Let 



K = max{l/ sin^ a, ll^lloo 11^ """lloo}, C 



■ 2 ' 

sm a 



and m > 2G /a. Now take y, E and F an in the statement. For j = 0, 1, . . . , m — 1, 
indicate Aj = A{f^y), Ej = A^{x){E), Fj = A^x){F). As before, we divide the 
rest of the proof into three cases: 

First case: We assume that there exists i G {0, . . . , m} such that 

<{Ee,Fe)<a. (7.2) 

Fix i as above and take ^ G E^, rj £ F^ such that <(C,^) < a. Let i? G G be such 
that \\R — I\\ < £ and i?(M^) = Mrj. If £ < m, then we define Lj as Li = A^R and 
Lj = Aj for j ^ L If £ = m, then we define Lj as L^ = RAi and Lj = Aj for j ^ m. 
In either case, the sequence {Lq, . . . , Lm-i} has the required properties. 

Second case: Assume that there exist k,i £ {0, . . . , m} such that k < i and 

ll^^-l • • • Ak\F^. " 



m{Ai_i ■ --AklEt, 



> K. (7.3) 



Once more, this is similar to the second case in propositions 3.1 and 5.1. We leave 
it to the reader to spell-out the details. 
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Third case: We suppose that we are not in the previous cases, that is, we assume 
for every j e {0, 1, . . . , m}, <{Ej,Fj) > a. (7.4) 

and 

for every i, j G {0, . . . , m} with i < j, — TT~T — i'^-^) 

Take unit vectors ^ E E'o and tj ^ Fq such that 
\\Am-i ■ ■ ■ Ao{^)\\ = \\Am-i - ■ ■ AqIeoW and p^-i • • • ^o(^)|| = m{Am-i ■ ■ ■ Ao\fo)- 

Let = Aj_i ■ ■ ■ Aq{^), rjj = Aj_i - ■ ■ Aq{t]) and Yj = M^j © Mr/j. By the assump- 
tion we have \\Am-i ■ • • ^o(f?)||/Pm-i • • -^0(011 > 1/2- Also, using (^, we 
have that for each j £ {1, . . . , m}, 

A,-_T--^nfr?)IL \\Arr,..---An(v)\\/\\Am..---Ai\\ , 1 



- \\Aj_i- --AoiOW ~ \\Am-i---Ao{m/MAm-i---Aj) " 2K- 



This, together with (7.4) and lemma implies that, for all j € {1, . . . ,m}, 

\\Aj-i ■ ■ ■ ^o|yol' 



m(^j_i • • -^01^0^ 



< C. (7.6) 



Now assign orientations to the planes Yj such that each AjIy^ '■ Yj — > l^+i is 
orientation-preserving. Let Pj be the projective space of Yj, with the induced ori- 
entation. Let Vj = M^j and Wj = Mr^j E Pj For each z £ Pj, let [z] G [0, vr) be 
the oriented angle between z and Vj. So z [z] is a bijection and [z] [Ajz] is 
monotonic. If L : Yq — > Y^- is any linear map then, by lemma 2.7, 

r -, r -, vr \Lz2] — \Lz-\] 2 ||L|| 

< [Z2] - [zi] <^ ^ \ 1 < - • 7.7 

2 [Z2\ - [zi\ TT m(L) 

We define directions uq £ Pq, . . . , Um G Pm by recurrence as follows: Let [uq\ = 
and 

[uj+i] = [AjUj] + min{[u'j+i] - [AjUj\,a}. (7.8) 

Then, for each j < m, [AjUj] < [uj+i] < [^^j+i]- Therefore, defining [zj\ = 
[{Aj^i ■ ■ ■ AQ)~'^Uj], we have 

= [^o] < [zi] < ■ ■ ■ < [zm] < [wq] < vr. 



In particular, for some i = 0, . . . ,m — 1, [^i+i] — [zi] < ir/m. Therefore, by (|7.6|) 
and (^, 

[ui+i] - [AiUi] = [Aj^i ■ ■ ■ ^o^^i+i] - [Aj~i ■ ■ ■ AoZi] < 2C/m < a. 

By (|7.8|) , [uj+i] = [tfj+i]. We conclude that [um] = [wm]- Now for each j, let 
Rj £ G he such that ||i?j — /|| < e and Rj{AjUj) = Uj+i. Let also Lj = RjAj. Then 

Lm-l ■ --Loivo) = Wm- □ 
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Next we define sets rp{A,m), T*{A,m), Tp{A,m) for p € {1, . . . , d — 1} and 
m S N, in the same way as in section ^, with the obvious adaptations. Lemma |4.1| 
also appUes in the present context. 

Proposition 7.2. Given A E C{M,G), £ > 0, 5 >0, andp S {1, . . . ,d-l}, ifm G 
N is sufficiently large then there exists a measurable function N : T*{A, m) — > N such 

that for a.e. x £ r*(^, m) and every n > N{x) there exist matrices Lq, . . . , L„_i G 

G such that \\Lj — A{f^x)\\ < e and 



n 



log||AP(L 



n-l 



< 



Ap^i{A,x) + Ap+i{A,x) 



+ 5. 



The proof is the same as proposition 4.2 



Proposition 7.3. Let A G C(M, G), Eq > 0, p e {I, . . . ,d - 1} and 5 > 0. Then 
there exist m £ N and a cocycle B G C{M,G), with \\B — A\\ao < Eq, that equals A 
outside the open set Tp{A^ m) and such that 



/ Ap{B,x) dfi{x) <6 + 

JVp{A,m) JVp{A,m) 



Kp^l{A,x)+ Ap+i{A,x) 



dfi{x). 



The proof of proposition |7.3| is not just an adaptation of that of proposition |4.8| , 
because Vitali's lemma may not apply to M. We begin by proving a weaker state- 



ment, in lemma 7.4, Let L°°{M, G) denote the set of bounded measurable functions 
from M to G. Oseledets theorem also applies for cocycles in L°°{M, G). 

Lemma 7.4. Let A G C{M^G), eo > 0, p G {1, . . d - 1} and 5 > 0. Then there 
exist m G N and a cocycle B G L°°{M,G), with \\B — A\\oo < eo/2, that equals A 
outside the open set Tp(A, m) and such that 



I Ap{B,x)dn{x) < 6 + 

JVp{A,m) JTp{A,m) 



Ap.l{A,x)+ Ap+i{A,x) 



Sketch of proof. We shall explain the necessary modifications of the proof of propo- 



sition 4.8. The sets Z*, and are defined as before. In lemma 4.14 , the castles 
U"^ and become equal to (as k and 7 were 0). We decompose each base into 
finitely many disjoint measurable sets with small diameter. In each tower with 



base C/^ we construct the perturbation B using proposition 7.2, taking B constant in 
each floor. The definitions of and are the same. In lemma [4.16| several bounds 
(those involving k or 7) become trivial. Then one concludes the proof in the same 
way as before. □ 



Proof of proposition YLA. Let A, Eq, p and 6 be as in the statement. Let m and B 



be given by lemma 7.4. Let G N be such that 



1 



^log||A^^(B^(x))||d/.<2<5 + 



rp(A,m) ^ 



Ap-i{A,x) + Ap+i{A,x) 



dfj,. 



rp{A,m) 



Let 7 = ^6. Using Lusin's theorem (see p2| ) and the fact that G is a manifold 
(see [11 1), one finds a continuous B : M ^ G such that B = B = A outside the 
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open set Tp(A,m), the norm \\B — B\\ao < eo/2, and the set E = {x G M; B{x) ^ 
B{x)] has measure ii{E) < 7. Let G = f'^ {Tp{A,m) \ E) C Tp{A,m). 

Then n{Tp{A, m) \ G) < Nfj,{E) < 6. Then, letting C be an upper bound for 
log\\AP{B{x))\\, we have 



/ Ap{B,x)dfi< I llog||AP(i?^l 

JVp{A,m) Jrp(A,m) 



x))\\ dn 



<CS + 26+[ A.-i(A^)+A.^i(A.) 

Jrp{A,m) 2 

Up to replacing 5 with 5/{C + 2), this completes the proof. □ 

Using proposition |7.3| , one concludes the proof of theorem |5| exactly as in sub- 
section 4.2. The fact that either vanishing of the exponents or dominance of the 
splitting is also a sufficient condition for continuity is an easy consequence of semi- 
continuity of Lyapunov exponents and robustness of dominated splittings under 
small perturbations of the cocycle. 
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